CP2 Chapter 7
Differential Equations

Course Structure
1. First Order Differential Equations (Booklet 1)
2. Second Order Differential Equations – Homogeneous (Booklet 2)
3. Second Order Differentials – Non-homogeneous (Booklet 3)
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First order Differential Equations
A differential equation is an equation involving a derivative. A ‘first order’ differential equation means the equation contains the first derivative () but not the second derivative or beyond. D.E’s are used to model situations which involve rates of change and their solution gives the relationship between the variables themselves, not their derivatives. 
· General Solution:



· Particular Solution:



Solving First Order DE’s

There are 3 methods to solve first order DE’s:
1. Separating variables
2. Reverse Product rule – perfect derivative
3. Integrating Factor to produce a perfect derivative





1. Separating Variables (Pure Year 2 Recap)



Examples:
1. 







2.  Find general solutions to 







3. Find general solutions to 










4. Find general solutions to 











2. Reverse Product Rule
How could we find general solutions of the equation 
We can’t separate the variables. But do you notice anything about the LHS?










Examples
1.  





2. 




Test Your Understanding
1. Find general solutions of the equation 











2. Find general solutions of the equation 












3. Integrating Factors


Example
Find the general solution of 















Why do we use  ?
Solve the general equation , where  are functions of .
























What happens when there’s something on front of the ?
Examples
1. Find the solution of 










2. Find the general solution of 












Test Your Understanding
Find the general solution of the differential equation

Ex 7A, page 151




















	


Second Order Differential Equations (Homogenous)
Higher order DE’s are often used in Mechanics to model situations which involve acceleration. Second order differential equations involve the second derivative.

Classification of DE’s 












Recap of First Order, linear, homogeneous DE’s
Consider the general DE:    







Solution: 
We could use this general result to “guess” at the solution of a DE:

If , we can assume that  

Substituting these expressions back into the original DE gives:






















For second order DE’s: We will consider 4 different situations for second order DE’s in relation to their Auxilary Equation: 
1. Two Distinct Real Roots

2. Complex Roots which
a. purely imaginary
b. general

3. Repeated Roots

1. Two Distinct Real Roots to Auxilary Equation
Let’s ‘guess’ that the solution of  is similar, and of the form 
Let 










· The equation  is called the auxiliary equation, and if  is a root of the auxiliary equation then  is a solution of the differential equation

· When the auxiliary equation has two real distinct roots  and , the general solution of the differential equation is , where  and  are arbitrary constants. The solution involves exponential growth or decay. Initial conditions allow us to find the values of A and B.

Example
Find the general solution of the equation 








Test Your Understanding
Find the solution of the equation . Given that when . 












2.  Two Complex Roots to Auxiliary Equation which are:

a) Purely imaginary

Example
Find the general solution of the differential equation 


























b. More General Complex Roots

Example
Find the general solution of the differential equation 




























3. Repeated Roots to Auxiliary Equation
Find the general solution of the differential equation 



































Quickfire Questions:

	Auxiliary Equation
	Roots
	General Solution

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	

	
	
	






Ex 7B, Page 156

Second Order Non-Homogenous DE’s

Non – homogeneous, second order DE’s have the form


Question: Start by considering the solution to the 1st order DE:              




















Consider another example with the same LHS:        





















Solving a Second Order, Non – Homogeneous DE
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How do we find the Particular Integral?
To find a particular integral you need to establish a trial function whose form depends on the form of 
	Function (
	Form of Particular Integral

	
	

	
	

	
	

	
	

	
	

	
	



The Particular Integral is a function which satisfies the original DE. We take our trial form and sub it back into the DE to find the value of the coefficients. 
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Example
Find the particular integral of the differential equation 
























Example:
Find the general solution of the differential equation 
























Example:
Find the general solution of the differential equation 
























Example:
Find the general solution of the differential equation 
























Interesting (and important) Example!
Find the general solution of the differential equation 


























Example:
Find the general solution of the differential equation 
















Boundary Conditions
Example
Find  in terms of , given that , and that  and  at .






















Test Your Understanding
1. 
(a) Find the value of  for which  is a particular integral of the differential equation 						(4 marks)

(b) Using your answer to part (a), find the general solution of the differential equation 							(3 marks)

 (c) Given that at  and , find the particular solution to this differential equation, giving your solution in the form                      		(5)
(d) Sketch the curve with equation  for 		(2)










































2. Find the general solution of the differential equation








































































Ex7C/ D and Mixed Ex
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Differential
equations

9.1

Find and use an
integrating factor to
solve differential
equations of form

b pgy=

o Pey=00)
and recognise when
it is appropriate to
do so.

The integrating factor ¢/?®* may be quoted
without proof.

9.2

Find both general
and particular
solutions to
differential
equations.

Students will be expected to sketch members
of the family of solution curves.

9.3

Use differential
equations in
modelling in
kinematics and in
other contexts.

9.4

Solve differential
equations of form
3 +ay +by=0
where a and b are
constants by using
the auxiliary
equation.
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9.5

Solve differential
=quations of form
Yray+by=1x)
where @ snd bare
constants by solving
the homogeneous
case and adding =
particular integral to
the complementary
function (in cases.
where 52) is 3
polynomial,
exponential or
trigonomatric
function).

£x) will have one of the forms ke, A+ Bx.
Prgreer or meosox-nsinax

56

Understand and use
the relationship.
betueen the cases
when the
discriminant of the.
susiliary equation is
positive, zero and
negative and the
Form of salution of
the differential
=quation.

57

Solve the squation
for simple harmonic
motion ¥ =-0'x
and ralate the
Solution to the
motion.

58

Mods! damped
oxcillations using
second order
diffarantial
=quations and
interpret their
Solutions.

Damped harmonic mation, with resistance
Varying as the derivative of the
displacement, is expacted. Problems may be
set on forced vibration.
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er Non — Homogeneous DE’s

d’y  dy
W+ba+cy—f(x)

1. Solvea +b +cy—0
first to obtam what is known as

the complementary function. 2. Then solve a—+ bd +oy = f(x)
(C.F) x
which can be found using appropriate

substitution and comparing
coefficients. Solution known as
3 particular integral. (P..)

y=C.F.+P.I. ,
This is because a— + b + cy

for the C.F.is 0O and f(x) forthe P..,
which sum to f(x)





