h r2b -Seri Year 2
Maclaurin Expansion

1:: Method of differences 2:: Maclaurin Expansions

Hhevci et B = AP RP R Representing functions as a power
series (i.e. infinitely long polynomial)

(a) find the values of the constants 4, B and C 2)

(5) Show that xz x3
Qr+1P=-Q2r=1P=2472+2. ) ex — 1 +x+—F—F ¢

(c) Using the result in part (5) and the method of differences, show that 2 I 3 '

1
= 3 n(n+1)Q2n+1).

3:: Maclaurin Expansions for
Composite Functions

“Given that termsin x™, n > 4
may be neglected, use the series
for e* and sin x to show that

i x2”
enT x4 4 x + %

Higher Derivatives
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Leibniz’s | dy dy dmy
Notation Y dx ) dxm
Newton’s , . -

y y y b J

Notation



3
Given that y = In(1 — x), find the value of zTJ;when x= %

f(x) = e*’

(a) Show that f'(x) = 2x f(x)

(b) By differentiating the result in part a twice more with respect to x, show that:
(i) £ () = 2f (x) + 2x f'(x)
(i) f" () = 2xf" () + 4f'(x)

(c) Deduce the values of f'(0), f""(0), f"'(0)

We will see the point of finding
f£'(0), £ (0), f"'(0) in the next section.




Given that f(x) = x%e™*

Show that f""(x) = (6x — 6 — x%)e ™™

Why we might represent functions as power series?

Example: X 2 x3 Recall that a polynomial is an expression of the form
Y 2 . e . = v
et = 1 + — + i _|_ A _|_ . a+bx + cx. + E |.'e.va 'sum of x terms WIFh non-negative integer powers.
1! 2! 3! A power series is an infinitely long polynomial.

1 Not all functions can be integrated. For example, there is no way in which we can write
[ x* dx in terms of standard mathematical functions. fexz dx is another well known
example of a function we can’t integrate. Since the latter is used in the probability (density)
function of a Normal Distribution, and we’d have to integrate to find the cumulative
distribution function, this explains why it’s not possible to calculate z-values on a calculator.
However, polynomials integrate very easily. We can approximate integrals to any arbitrary
degree of accuracy by replacing the function with its power series.

E It allows us/calculators to find irrational numbers in decimal form to an arbitrary amount
of accuracy.
. _ 1 i 1 N
Since for example tan™1(x) = x — 5x3 + Exs - ;x7 + .-+ then plugging in 1, we get
T

tan~1(1) = s=1- % +%—§and hencemr = 4 — % + % - ; + ---*_ We can similarly find e.

B It allows us to find approximate solutions to more difficult differential equations.

* This is a poor method of generating digits of m though: because the denominator is only increasing by 2 each time, it converges very slowly!
There are better power series where the denominator has a much higher growth rate and hence the terms become smaller quicker.



Maclaurin Expansion
Let's assume that any function can be written as an infinite sum of terms in the form ax™

fxX) = a5 + a;x +azx? + azx® + ax*... + ax" + ..

Our aim is simply to find the values of a,
This can be done using differentiation and substituting x =0
Why does this work?



2 ¥

f(x) = £(0) + x £/(0) + % £7(0) + ... + % £(0) + ...

Find the Maclaurin series for e*.

https://www.desmos.com/calculator/xwixhh31da

2

f(x) = £(0) + x £/(0) + % £7(0) + ... + x—’ £(0) + ...
) r!

Find the Maclaurin series for sin x.

https: //www.desmos.com/calculator /5Snclbbrmni



2

ﬂ@—ﬂm+xfmy+%ﬁ%m+”

Find the Maclaurin series for cos x.

2

+ 200y + ..
ye!

https://www.desmos.com /calculator /rxbov4dk36

¥ X
F=gpli) =1 +FF — Feww™ — T Hral
2! r!
5 & b o
In(l+x)=x——+ ——...+ (1"t — +... -l <x<l)
2 3 ¥
sinx = Xx xEer5 + (-1)" - T for all x
=X—-—+ — - -1y — +... or a
3! 5! 2r +1)!
2 4 2r
% x b 5
cosx—1—5+z—...+(—l) (2r)!+... for all x
3 5 2r+1
x X x
arctanx=x——+ — — ...+ (1Y) e s —]l gx< 1
3 5 ( )2r+1 ( )
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f(x) = £(0) + x £/(0) + % £7(0) + ... + x—’ £(0) + ...
: r!

(a) Find the Maclaurin series for In(1 + x).
(b) Using only the.ﬁrst three t.(.erms of the”s.eries in (a), find T
estimates for (i) In 1.05 (ii) In 1.25 (iii) In 1.8 Why is this happening?

https://www.desmos.com/calculator/geaurexlsq



Composite Functions

We previously said that we can only
guarantee the curve is the same, i.e. the
expansion is valid, ‘around’ x = 0.

For e® and cos x we got lucky in that the
curve turned out to be the same
everywhere, for all x.

But as per the animation above, we can see

that away from x = 0, the curve actually

gets worse with more terms in the

expansion!

Looking at the graph on the left, for what

range of x is this expansion valid for?
-1<x<1

Ex 2C

~# Standard Expansions (given in formula booklet)

x2  x3 x* xT
e"’=1+x+§+§+z+"-+ﬁ+“-

— X2 Xy
In(1+x)=x—Z+7 + (=D

. _ x3 x5 x7 (_l)rx2T+1
sin(x) = x 3! t+ 51 7 Tt (2r+1)!
_ x2 x4 (=1)"x2"
cos(x) =1 2! j 4 + 2rt 2::1
_ x x (-1D)"x
arctanx = x — = + - + e

+ -

(valid for all x)
-1<x<1

(valid for all x)
(valid for all x)

-1<x<1

We can also apply these when the input to the function is different.

cos(2x?) =



You might need some manipulation first.

. : : . Vi+2
Find the first three non-zero terms of the series expansion of In ( : +3 x), and

state the interval in x for which the expansion is valid.

Standard Expansions (given in formula booklet)
2 3
ln(1+x)=x—%+%—---+(—l)r'1t—r -1<x<1




Given that terms in x™, n > 4 may be neglected, use the series for e* and sin x

. 2
to show that e5'"* ~ 1 + x +-x?

Standard Expansions (given in formula booklet)
X Ea - x”
e’ = 1+X+E+;+z+'"+ﬁ+"'
(_1)rx2r+1
(2r+1)!

. _ x2  xr  x
sm(x)—x—;+¥—;+...+—+...

(valid for all x)

(valid for all x)

Ex 2D



Exam Questions

1. Given that
f(x) = e* cosx
(a) Show that
f"(x) = pf(x) + ¢f'(x)

where p and ¢ are integers to be determined.

(b) Hence find the Maclaurin series for f(x). in ascending powers of x, up to and
including the term in x°. giving each coefficient in its simplest form.



2 3
(@ Find ¥, 92 g 9¥
dy  dx dx (4)
(b) Hence, or otherwise, find the series expansion of ln(l 12 ) about x=0, in
- 2x

ascending powers of x, up to and including the term in x*. Give each coefficient in its
simplest form.

)

: : 3 "
(c) Use your expansion to find an approximate value for ln[—) , glving your answer
to 3 decimal places. 2

)




