
CP1 Chapter 6 

Matrices 

 

Chapter Overview 

1. Understand matrices and perform basic operations (adding, scalar 

multiplication) 

2. Multiply Matrices 

3. Find the determinant or inverse of a matrix 

4. Solve simultaneous equations using matrices  

 

 

 

 

 

 

 

 

 

 



 

 



Introduction 

A matrix (plural: matrices) is simply an ‘array’ of numbers, e.g.  

 

 

On a simple level, a matrix is just a way to organise values into rows and 

columns, and represent these multiple values as a single structure. 

 

The dimension of a matrix is its size, in terms of its number of rows and 

columns (in that order). 

 

Examples: 

 

 

 

          Matrix               Dimension   
 

 

 

 

 

 

 

 

 

 

  

 

(
1 0 −2
3 3 0

) 



Matrix Fundamentals 

 

 



Operations with Matrices 

 

1. Addition and subtraction 

 

 

 

 

 

 

 

 

 

 

2. Scalar Multiplication 
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3. Matrix Multiplication 

Examples 

 

1. (
2 −4
3 8

) (
4
6
) = 

 

 

 

 

2.  

 

 

 

 

 

 

 



Matrix Multiplication Involving I: 

 



Test Your Understanding 

 

1. (
1 2
3 4

) (
3
−1

) 

 

 

2. (
1 2
3 4

) (
2 0 −1
3 2 1

) 

 

 

3. (
1 2
3 4

)
2

 

 

 

4.  

 

 

5. (1 2 3) (
1
2
3
) 

 

 

6. (
1
2
3
) (1 2 3) 

 
Matrices Grid Activity 



When is Matrix Multiplication Valid? 

 

Properties of Matrix Operations 

 

Matrix multiplications are not always valid: the dimensions have to agree. 

 

 For two matrices A and B, the matrix multiplication AB is valid provided A 

has the same number of columns as B has rows. 

 If we multiply an n x m matrix by an m x k matrix we generate an n x k 

matrix. 

 Note that only  square matrices (i.e. same width as height) can be raised 

to a power. 

 

 

Properties of Addition 

The basic properties of addition for real numbers also hold true for matrices.   

Let A, B and C be m x n matrices  

A + B  =  B + A    commutative 

A + (B + C)  =  (A + B) + C    associative 

Properties of Multiplication 

Let A, B and C be matrices of dimensions such that the following are defined.  Then 

A(BC)  =  (AB)C                 associative 

A(B + C)  =  AB + AC        distributive 

(A + B)C  =  AC + BC        distributive 

But AB =/= BA          non - commutative 
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Matrices and their Inverses 

 

Determinants 

 

 The determinant of a matrix has many applications in matrices. 

Fundamentally, the determinant is required to find the inverse of a 

matrix. 

 The determinant of a matrix 𝐀 = (
𝑎 𝑏
𝑐 𝑑

) is 

 

det(𝐀) = |𝐀| = 𝑎𝑑 − 𝑏𝑐 

 

 If 𝑑𝑒𝑡(𝐀) = 0, then 𝐀 is a singular matrix and it does not have an inverse. 

 If det(𝐀) ≠ 0, then 𝐀 is a non-singular matrix and it has an inverse. 

 



Quickfire Questions: 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 

 

 

 

 

 

 

 

 

 

 

𝐀 det(𝐀) 

(
1 0
0 1

) 

 

(
1 2
3 4

) 

 

(
0 3
−1 −4

) 

 

(
10 −2
4 −1

) 

 



Example 

Given that 𝐀 is singular, find the value of 𝑝. 

 

𝐴 = (
4 𝑝 + 2
−1 3 − 𝑝

) 

 

 

 

 

 

 

 

Test Your Understanding 

 

 

 

 

 

 

 

 



Determinants of 3x3 Matrices 

 

 

 

 

To find the determinant and inverse of a 3 x 3 matrix, it is first 
necessary to define some new terms.  

 
 

 The minor of an element  
The minor of a particular element of a matrix is found by 
eliminating the row and column of that element and finding the 
determinant of the remaining matrix.  
For a 3 x 3 matrix, the remaining matrix will be a 2 x 2 matrix.  
 

 

 

 

 The cofactors of an element 

The cofactor of an element is its minor multiplied by a multiple of  
(-1) in the following pattern (called the place signs) 

                                               
 



Example 

Find the minors of the elements 0, -6 and 5 in the below matrix: 

 

 

 

 

 

 

 

 

 

 

Test Your Understanding 

 

 

 

 

 

 

 

 

 

(
1 2 0
4 5 −6
−1 8 2

) 



Example 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Finding the determinant 

 

The determinant of a 3 x 3 matrix can be found from the cofactors of any row 

or column of the matrix. Each element in that row or column is multiplied by 

its cofactor, and the results are added together.  

 

 

 

Example  

 

 

 

 

 

 

 

 

 

 

 

 

|
3 1 4
2 2 5
−3 4 3

|  



𝑨 = (
3 𝑘 0
−2 1 2
5 0 𝑘 + 3

) where 𝑘 is a constant. 

Given that 𝐴 is singular, find the possible values of 𝑘. 

Test Your Understanding 

1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.  

 

 

 

 

 

  

 

 

 

 

 

 

 

𝑨 = (
1 2 0
4 5 −6
−1 8 2

)  Determine det(𝐀). 



Alternative Method: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ex 6C Pg 108 

 



Inverting a 2 x 2 Matrix 

 

Examples 

 

1. 

 

 

2.  

 

 

 

 

3.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(
2 3
−1 5

)
−1

  

 
 
 

(
6 1
3 4

)
−1

  

 
 
 

(
7 2
1 −3

)
−1

  



Test Your Understanding 

 

1.  

 

 

 

 

2.  

 

 

 

 

 

3.  

 

 

 

 

 

 

 

 

 

 

(
2 0
0 2

)
−1

  

 

 

 
 

(
1 2
3 4

)
−1

  

 

 

 

 
 

For what value of 𝑝 is (
4 𝑝 + 2
−1 3 − 𝑝

) singular? Given 𝑝 is not this 

value, find the inverse. 

 



Matrix Proofs 
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Inverting a 3 x 3 Matrix 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Example 

 

 

 

 

 

 

 

 

 

 

 

 

Using your Calculator 

 

 

 

 

 

 

 

 



Further Example 

 

𝑨 = (
−2 3 −3
0 1 0
1 −1 2

),  

and the matrix 𝐁 is such that (𝐀𝐁)−1 = (
8 −17 9
−5 10 −6
−3 5 −4

). 

(a) Show that 𝐀−1 = 𝐀. 

(b) Find 𝑩−1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Test Your Understanding 
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Using Matrices for Simultaneous Equations 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Examples 

1. Use matrices to solve the set of linear equations 

1. 2𝑥 + 3𝑦 + 𝑧 = 1  

2. x + 2y + z = 2  

3. 3x + y + z = 0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2. Use an inverse matrix to solve the simultaneous equations: 
 

 −𝑥 + 6𝑦 − 2𝑧 = 21  

 6𝑥 − 2𝑦 − 𝑧 = −16  

 −2𝑥 + 3𝑦 + 5𝑧 = 24  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Modelling Example 

A colony of 1000 mole-rats is made up of adult males, adult females and youngsters. 

Originally there were 100 more adult females than adult males. 

After one year: 

• The number of adult males had increased by 2% 

• The number of adult females had increased by 3% 

• The number of youngsters had decreased by 4% 

• The total number of mole-rats had decreased by 20 

Form and solve a matrix equation to find out how many of each type of mole-rat were in the 

original colony. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Consistency of Linear Equations 

 

 

Extending to 3 Variables 

Again, we get solutions to the system of linear equations when all of the planes 

intersect. 

Consider the possible outcomes for a set of 3 planes: 

 

Scenario 1 

 

 

 

 



 

Scenario 2 

1. 

 

 

 

 

 

2.   

 

 

 

 

 

Scenario 3 

1.  

 

 

 

 

 

 

2.  

 

 

 



To classify solutions, we should: 

1. First check for identical planes (equations which are equivalent) and 

therefore infinite solutions or parallel planes and therefore no solutions.  

 

 

2. Next find the value of det A. If                 the system of equations is 

consistent and there exists one unique solution.  

 

 

3. If det A = 0 we have to check for parallel planes, either by sight (rows of 

matrix A are multiples) or by eliminating a variable and looking at the 

resulting linear equations…….  

 

4. If the resulting 2d linear equations represent the same line then the 

original equations are consistent and therefore form a sheaf.  

 

 

5. Otherwise, the planes form a prism and the system is inconsistent with 

no unique solution. (Parallel planes can be eliminated from the original 

equations) 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

Example 

A system of equations is shown below: 

3𝑥 − 𝑘𝑦 − 6𝑧 = 𝑘 

𝑘𝑥 + 3𝑦 + 3𝑧 = 2 

−3𝑥 − 𝑦 + 3𝑧 = −2 

For each of the following values of 𝑘, determine whether the system of equations is 

consistent or inconsistent. If the system is consistent, determine whether there is a unique 

solution or an infinity of solutions. In each case, identify the geometric configuration of the 

plane corresponding to each value of 𝑘. 

(a) 𝑘 = 0         (b)   𝑘 = 1        (c) 𝑘 = −6 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

Test Your Understanding 

The system of equations is consistent and has a single solution. Determine the possible 

values of 𝑘. 

2𝑥 + 3𝑦 − 𝑧 = 13 

3𝑥 − 𝑦 + 𝑘𝑧 = 11 

𝑥 + 𝑦 + 𝑧 = 7 
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