7) Methods in differential equations

7.1) First-order differential equations

7.2) Second-order homogenous differential equations

7.3) Second-order non-homogenous differential equations

7.4) Using boundary conditions




7.1) First-order differential equations Chapter CONTENTS



Worked example

Your turn

Find general solutions to:
dy
—Z =7
dx

Find the general solution to:
dy
— = =3

dx

y=-3x+c¢



Worked example

Your turn

Find general solutions to:
dy

= 3y 2
dx x

dx

Find the general solution to:

dy
— =2
dx x

y=x%+c



Worked example

Your turn

Find general solutions to:

dy 4y
dx  x
dy 3y

Find the general solution to:
dy 2y
dx x

y = Ax?



Worked example

Your turn

Find general solutions to:

dy .
= sinx
d

Y sec? x

dx

Find the general solution to:

dy B
i COS X

y =sinx +c¢



Worked example

Your turn

Find general solutions to:

dy_ .
dx_y an x

Find the general solution to:

dy— tx,0<x<
7, = ycotx, X <T

y = Asinx



Worked example

Your turn

Find general solutions to:

dy  x
dx  y
dy x
dx y

Find the general solution to:
dy y

dx  x

y = ig, where A = e€



Worked example

Your turn

Find general solutions to:

dy
a—xy+y
dy
— =Xy —X

Find the general solution to:



Worked example

Your turn

Express as the derivative of one product:
dy

2—=42
X dx Xy

d
(lnx)—y+z
dx x

d
cos(x) % — ysin(x)

Express as the derivative of one product:

dy
3_+32
X dx X<y

d
3
dx(x y)

d
sin(x) d_ic] + y cos(x)

d .
I (y sinx)



Worked example

Your turn

Find general solutions to:

dy
42
x dx

+ 4x3y = cosx

Find the general solution to:

3 2 :
x°—+ 3x“y =sinx
dx Y

1 C
= ———COSX +—
Y x3 x3



Worked example

Your turn

Find general solutions to:
1dy 2

— =e
x2 dx x3y

X

Find the general solution to:
1dy 1



Worked example Your turn

Find general solutions to: Find the general solution to:

d d
8x3yd—2: + 12x%y? = x* 4xyd—i] + 2y?% = x?

1 C

2 2
— — -|——
Y T8 Ty




Worked example

Your turn

Find general solutions to:

dy

2 42y = eX
dx+ y=e
dy o

Find the general solution to:
dy
=L 4y = e¥
dx YT °

1
y = —§ex + cet*



Worked example Your turn

Find general solutions to: Find the general solution to:
cosxd—y+ sinx =1 cosxﬂ+2ysinx=cos4x
dx 7 dx

y = cos? x (sinx + ¢)




Worked example

Your turn

Find the particular solution such that
y = 3whenx =m:

dy+ 1
COSde ysSinx =

Find the particular solution such that
y =2 whenx = 0:

d
cosxd—z + 2y sinx = cos* x
y = cos? x (sinx + 2)



Worked example

Your turn

Find the particular solution such that
y = 2whenx = 0:

dy _ 1 T[< <T[
cosxdx =1L-3 X >

Find the particular solution such that
y =2 whenx = 0:

dy+ =1 7T< <T[
cosx——+ty=1--o<x<3
COS X
y=1+

1+ sinx



Worked example Your turn

Find general solutions to: Find the general solution to:
dy+3 _ Inx >0 dy+5 _ Inx >0
Yax T T T * Yax T T T *
Inx 1 C
Y= Tt




Worked example Your turn

Solve the differential equation, giving y | Solve the differential equation, giving y

in terms of x, where in terms of x, where
dy dy
X T xX°y X T Xy
andy=1latx=1 andy=1latx=1
1 4x
y=-35+

3x2 3




7.2) Second-order homogenous differential equations Chapter CONTENTS



Worked example Your turn

Find general solutions to: Find the general solution to:
d%y d*y

y=2x3+Ax+ B

W = 24X2




Worked example

Your turn

Find general solutions to:

d’y _dy
ZW_SE-I_B}]_O
d’y dy
— 2y =0
de2+dx Y

Find the general solution to:

d’y _dy
2——2+5-—=+3y=0
dx2+5dx+ Y

3
y =Ae 2" + Be™*



Worked example Your turn

Find general solutions to: Find the general solution to:
d*y dy d’y _dy
— - 8= = ——6—+9y =0
xS 1Y =0 dxz Cdx Y

y = (A + Bx)e3*

dy dy
=2 4102 425y =
Tx2 + 10 Ix + 25y =0




Worked example

Your turn

Find general solutions to:

d?y
9y =0
dx2+ Y
d2
y+25y—0

dx?

Find the general solution to:

dzy

—5+16y=0

y = A cos 4x + B sin4x



Worked example

Your turn

Find general solutions to:

) 22 15y =0
Zz 103—y+25y—0
%+25y=0
Zi{ 103—y+34y—0

Find general solutions to:

d’y  dy
dx2+6dx+8y_0

y = Ae ™ + Be™%*

d’y  dy
6 9y =0
dx? T dx oy

y = (A + Bx)e 3%

d?y
249y =0
dx? oy

y = Acos 3x + Bsin 3x

d’y dy
6 10y =0
dx? T dx + 10y

y = e 3*(Acosx + Bsinx)



7.3) Second-order non-homogenous differential equationshapter CONTENTS



Worked example Your turn

Find the general solution to: Find the general solution to:
d*y _dy d*y _dy
dx2+5dx+6y_4 dxz—de+6y—3

— 3x 2x l
y = Ae>* + Be +2




Worked example Your turn

Find the general solution to: Find the general solution to:
d*y _dy d*y _dy
dx2+5dx+6y—4x dx2_5dx+6y_3x

y=Ae3x+Bezx+1x+i
2 12




Worked example Your turn

Find the general solution to: Find the general solution to:
d*y _dy , d*y _dy 5
@+5§+6}1—4X dxz—de+6y—3x
1 5 19

:A3x+BZX+_2+_ + —
y = ae T




Worked example Your turn

Find the general solution to: Find the general solution to:
d’y _dy d*y _dy
— p—X _ — pX
dx2+5dx+6y e T2 de+6y e

— 3x 2X lx
y = Ae”" + Be +Ze




Worked example

Find the general solution to:
dy

d?y

dx?

+5

d

+ 6y = 7sin4
LT oy sin 4x

Your turn
Find the general solution to:
d’y _dy .
T de+ 6y = 13 sin 3x

5

y = Ae3* + Be?* —c sin 3x + 2 cos 3x



Worked example

Your turn

Find the general solution to:
d*y _dy
—~ 4+ 52 4+6y= —3x
dx? * dx Toy=e

Find the general solution to:

d’y _dy 2%
de—de+6y—e

y = Ae3* + Be?* — xe?*




Worked example

Find the general solution to:

d?y

3

dy

dx2

dx

=2

Your turn
Find the general solution to:
d? d
Y 22X =3
dx? dx

3
y=A+Bezx—§

X



Worked example Your turn

Find the general solution to: Find the general solution to:
d2y+5dy+4 =x%—2x+3 4%y de+4 =x%—3x+2
da?z " Tdx T YT T da?” Tdx T YT T

y=Ae4x+Bex+1x2—1x+l
4 3 32




Worked example

Your turn

Find the general solution to:

d’y  dy
— —6—=2x>—x+1
dx? dx XToxs

Find the general solution to:
d*y  dy
4— =24
dx? * dx *

y =A+ Be ™ + 2x3 —

2

3 5.3
ZX 4X



Worked example Your turn

Find the general solution to: Find the general solution to:
d?y _dy d’y _dy
2 1=e¢e* -2 1=¢e*
dxZ TegetiTe dx? CaxtiTe

1
y = (A+Bx+5x2>ex




Worked example Your turn

Find the general solution to: Find the general solution to:
X 8 6x = 2sint - cost I 5% 4 6x = 2cost —sint
— —5—+ 6x = 2sint — cos —— +5——+6x =2cost —sin
dt? dt dt? dt

x =Ae 3t + Be 3t + icos t + isint
10 10




7-4) Using boundary conditions  Chapter CONTENTS



Worked example Your turn

2 2
Find y in terms of x, given that % —y =2e7%, Find y in terms of x, given that % — vy = 2e*,and
andthatZ—z=Oandy=Oatx=O. that%=0andy=0atx=0.
1 1
y=—ze*+-e ¥ +xe*

2 2




Worked example Your turn

2 2
Find y in terms of x, given that Z_szl + 25y = 3 cos 5x, and Find x in terms of t, given that % + x = 3 sin 2t, and that
dx

dy _ _ ax _ _ _
thata—Sandy—Oatx—O. dt—landx—Oatt—O.

x = 3sint — sin 2t




Worked example Your turn
Solve the differential equation Solve the differential equation
d?y . d*y .
W+16y=sm4x W+9y=sm3x
subject to boundary conditions y = O,Z—z = 0Owhenx =0 | subjectto boundary conditions y = O,Z—i’ = 0whenx =0
1 1

y =1—851n3x—5xC053x



