
6.5) Integrating hyperbolic functions



Worked example Your turn
Find:

නcosh 3𝑥 − 2 𝑑𝑥

න𝑠𝑖𝑛ℎ
5

7
𝑥 𝑑𝑥

න
7

1 + 𝑥2
𝑑𝑥

න
6

𝑥2 − 1
𝑑𝑥

න𝑠𝑖𝑛ℎ 5𝑥 𝑑𝑥

න
4

𝑥2 − 1
𝑑𝑥

න
3

1 + 𝑥2
𝑑𝑥

Find:

නcosh 4𝑥 − 1 𝑑𝑥

න𝑠𝑖𝑛ℎ
2

3
𝑥 𝑑𝑥

න
3

1 + 𝑥2
𝑑𝑥

න
4

𝑥2 − 1
𝑑𝑥

න𝑠𝑖𝑛ℎ 3𝑥 𝑑𝑥

න
10

𝑥2 − 1
𝑑𝑥

න
2

1 + 𝑥2
𝑑𝑥

1

4
sinh 4𝑥 − 1 + 𝑐

3

2
cosh

2

3
𝑥 + 𝑐

3 𝑎𝑟𝑠𝑖𝑛ℎ 𝑥 + 𝑐

4 𝑎𝑟𝑐𝑜𝑠ℎ 𝑥 + 𝑐

1

3
cosh 3𝑥 + 𝑐

10 𝑎𝑟𝑐𝑜𝑠ℎ 𝑥 + 𝑐

2 𝑎𝑟𝑠𝑖𝑛ℎ 𝑥 + 𝑐



Worked example Your turn

Find:

න
3 − 7𝑥

𝑥2 + 1
𝑑𝑥

Find:

න
2 + 5𝑥

𝑥2 + 1
𝑑𝑥

2 𝑎𝑟𝑠𝑖𝑛ℎ 𝑥 + 5 1 + 𝑥2 + 𝑐



Worked example Your turn

Find:

නsinh7 3𝑥 cosh 3𝑥 𝑑𝑥

Find:

නcosh5 2𝑥 sinh2𝑥 𝑑𝑥

1

12
cosh6 2𝑥 + 𝑐



Worked example Your turn

Find:

නcoth 𝑥 𝑑𝑥

Find:

නtanh𝑥 𝑑𝑥

𝑙𝑛 𝑐𝑜𝑠ℎ 𝑥 + 𝐶



Worked example Your turn

Find:

නsinh2 5𝑥 𝑑𝑥

Find:

නcosh2 3𝑥 𝑑𝑥

1

2
𝑥 +

1

12
sinh6𝑥 + 𝑐



Worked example Your turn

Find:

නcosh3 𝑥 𝑑𝑥

Find:

නsinh3 𝑥 𝑑𝑥

1

3
cosh3 𝑥 − cosh𝑥 + 𝑐



Worked example Your turn

Find:

න𝑒3𝑥 cosh 𝑥 𝑑𝑥

Find:

න𝑒2𝑥 sinh 𝑥 𝑑𝑥

1

6
𝑒3𝑥 − 3𝑒𝑥 + 𝑐



Worked example Your turn

Find:

න𝑐𝑜𝑠𝑒𝑐ℎ 𝑥 𝑑𝑥

(requires partial fractions)

Find:

නsech 𝑥 𝑑𝑥

2 arctan 𝑒𝑥 + 𝑐



Worked example Your turn

Show that 
1

𝑎2+𝑥2
𝑑𝑥 = 𝑎𝑟𝑠𝑖𝑛ℎ

𝑥

𝑎
+ 𝑐 Show that 

1

𝑥2−𝑎2
𝑑𝑥 = 𝑎𝑟𝑐𝑜𝑠ℎ

𝑥

𝑎
+ 𝑐

Shown



Worked example Your turn

Evaluate 5
8 1

𝑥2+16
𝑑𝑥 Evaluate 5

8 1

𝑥2−16
𝑑𝑥

ln
2 + 3

2



Worked example Your turn

By using a hyperbolic substitution, show that

න 𝑥2 − 1 𝑑𝑥 =
1

2
𝑥 𝑥2 − 1 −

1

2
𝑎𝑟𝑐𝑜𝑠ℎ 𝑥 + 𝑐

By using a hyperbolic substitution, show that

න 1 + 𝑥2 𝑑𝑥 =
1

2
𝑎𝑟𝑠𝑖𝑛ℎ 𝑥 +

1

2
𝑥 1 + 𝑥2 + 𝑐

Shown using 𝑥 = sinh𝑢
NB: Can also use 𝑥 = tan𝑢 but longer



Worked example Your turn

Using a hyperbolic substitution, evaluate 

න
4

8 𝑥3

𝑥2 − 16
𝑑𝑥

Using a hyperbolic substitution, evaluate 

න
0

6 𝑥3

𝑥2 + 9
𝑑𝑥

18 5 + 18



Worked example Your turn

Find:

න
1

12𝑥 + 3𝑥2
𝑑𝑥

Find:

න
1

12𝑥 + 2𝑥2
𝑑𝑥

1

2
𝑎𝑟𝑐𝑜𝑠ℎ

𝑥 + 3

3
+ 𝐶



Worked example Your turn

Find:

න
1

𝑥2 − 6𝑥 − 3
𝑑𝑥

Find:

න
1

𝑥2 − 8𝑥 + 8
𝑑𝑥

2

8
ln

𝑥 − 4 − 2 2

𝑥 − 4 + 2 2
+ 𝐶



Worked example Your turn

Evaluate:

න
0

1 1

𝑥2 + 8𝑥 + 17
𝑑𝑥

Evaluate:

න
0

1 1

𝑥2 + 2𝑥 + 5
𝑑𝑥

0.400 (3 sf)



Worked example Your turn

Find:

න
1

9𝑥2 + 4
𝑑𝑥

Find:

න
1

4𝑥2 + 9
𝑑𝑥

1

2
𝑎𝑟𝑠𝑖𝑛ℎ

2𝑥

3
+ 𝑐



Worked example Your turn

25𝑥2 + 10𝑥 + 17 ≡ 𝑎 𝑥 + 𝑏 2 + 𝑐
a) Find the values of 𝑎, 𝑏 and 𝑐
Hence, or otherwise, find:

b) 
1

25𝑥2+10𝑥+17
𝑑𝑥

c) 
1

25𝑥2+10𝑥+17
𝑑𝑥

9𝑥2 + 6𝑥 + 5 ≡ 𝑎 𝑥 + 𝑏 2 + 𝑐
a) Find the values of 𝑎, 𝑏 and 𝑐
Hence, or otherwise, find:

b) 
1

9𝑥2+6𝑥+5
𝑑𝑥

c) 
1

9𝑥2+6𝑥+5
𝑑𝑥

a)  𝑎 = 9, 𝑏 =
1

3
, 𝑐 = 4

b)  
1

6
arctan

3𝑥+1

2
+ 𝑐

c) 
1

3
𝑎𝑟𝑠𝑖𝑛ℎ

3𝑥+1

2
+ 𝑐


