Matrices and their Inverses

Determinants· The determinant of a matrix has many applications in matrices. Fundamentally, the determinant is required to find the inverse of a matrix.
· The determinant of a matrix  is



· If , then  is a singular matrix and it does not have an inverse.
· If , then  is a non-singular matrix and it has an inverse.



Quickfire Questions:
	
	

	
	

	
	

	
	

	
	















Example
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Example
Given that  is singular, find the value of .









Test Your Understanding
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Determinants of 3x3 MatricesTo find the determinant and inverse of a 3 x 3 matrix, it is first necessary to define some new terms. 


· The minor of an element 
The minor of a particular element of a matrix is found by eliminating the row and column of that element and finding the determinant of the remaining matrix. 
For a 3 x 3 matrix, the remaining matrix will be a 2 x 2 matrix. 




· The cofactors of an element
The cofactor of an element is its minor multiplied by a multiple of 
(-1) in the following pattern (called the place signs)
                                              [image: ]






Example
Find the minors of the elements 0, -6 and 5 in the below matrix:











Test Your Understanding
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Example
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Finding the determinant

The determinant of a 3 x 3 matrix can be found from the cofactors of any row or column of the matrix. Each element in that row or column is multiplied by its cofactor, and the results are added together. 
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Example  













Test Your Understanding
1.  Determine .















2.  where  is a constant.
Given that  is singular, find the possible values of .






	







Alternative Method:
Ex 6C Pg 108
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Example 2

1-k 2
The matrix M :[ J is singular. Find the possible values of k.

-1 4-k

Solution

M| =(1-k)(4-k)—-(2x-1)
=4-5k+k7+2
=k =5k+6

Since M is singular, [M| =0
K -5k+6=0
(k=2)(k-3)=0
k=2 or k=3

The determinant is defined for any square matrix. At this stage, you can find
the determinant of a 3x3 matrix using the matrix facility on your calculator.
Later in A level Furtl to do this without using
a calculator.
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(a) Find det A in terms of a.

(b) Show that the matrix A is non-singular for all values of a.

a -5 .
, where a is real.
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The cofactor A4;of an element a; of a matrix is found by multiplying the minor

of that element by (—1)”’ . In other words, if you add together the row number

and column number of an element, the result tells you whether or not to
change the sign of the minor. If 7 +; is odd, then you find the cofactor by
multiplying the minor by -1 (i.e. you change its sign). If i + is even, then you
find the cofactor by multiplying the minor by 1 (i.e. leave it as it is).

For a 3 x 3 matrix, the signs of (~1)"’ for each element are shown below.
These are called the place signs.

You may find it easier to remember this diagram of place signs rather than to
think about the value of (~1)™.
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2 -1 4
Forthematrix | 0 3 -2
-4 1 3
find the minors of each of the following elements:
1 2 @ 1 () -2

Solution

(1) The element 2 is in row 1, column 1. so cross out this row and column:

leaving the 2 x 2 matrix

3 2
i
which has determinant (3x—3)—(-2x1)=-9+2=-7
The minor of 2 is -7.

ok
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Example 2
For the matrix
2 -1 4
0o 3 2
-4 1 -3
find the cofactors of each of the following elements:
1 4 @a 0 (1) -4
L 4 Solution

0
(1) The minor of 4 1s
4

3
1‘:(0x1)—(3x4):0+12:12

The place sign of 4 is +
The cofactor of 4 is therefore 12.

(1) The minor of 0 is

-1 4
) 3|:(—1x73)—(4><1):374:—1

The place sign of
The cofactor of 0
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Determinants of 3 X 3 matrices

General Example:

(note the minus for
the middle one)
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This has been expanded by the first row. We can use the same
process for any row/ column of our choosing. Choosing wisely can
simplify questions!





