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4.1) Roots of a quadratic equation  Chapter CONTENTS



Worked example Your turn

The roots of the quadratic equation The roots of the quadratic equation
2x% + 5x + 4 = 0 are « and B. Without 2x? — 5x — 4 = 0 are a and . Without
solving the equation, find the values of: solving the equation, find the values of:
@ a+B B)ap () 1+5 () a?+p? (@ a+p (B)ap () +5 (d)a®+p
5
(@)3
(b) =2
5
(-3

(d)=




Worked example

Your turn

The roots of the quadratic equation
6x% + 9x — 2 = 0 are a and B. Without solving the
equation, find the value of a3 + 3

The roots of the quadratic equation
6x% —9x + 2 = 0 are a and . Without solving the
equation, find the value of a3 + 3

15

8



Worked example Your turn

The roots of a quadratic equation The roots of a quadratic equation

3 5
ax® +bx +c= Oareazgandﬁ = —%. ax?+bx+c=0area= —sand g =~.
Find integer values for a, b and ¢ Find integer values for a, b and ¢

a=8b=2,c=-15




Worked example Your turn

The equation ax? + 6x + ¢ = 0, where a and | The equation ax? + 8x + ¢ = 0, where a and

c are real constants, has roots a and a™. c are real constants, has roots a and a”.
Given that Re(a) = 1 and Im(a) = 4i, find Given that Re(a) = 2 and Im(a) = 3i, find
the values of a and ¢ the values of a and ¢

a=-—-2,c=-—26




4.2) Roots of a cubic equation Chapter CONTENTS



Worked example Your turn

a, B and y are the roots of the cubic equation «, f and y are the roots of the cubic equation
2x3—3x%2+4x—-2=0. 2x3+3x2—4x+2=0.
Without solving the equation, find the values of: Without solving the equation, find the values of:
(@a+B+y (B)af+pr+ya () afy (d)z+5+5 |@a+p+y B)af+pr+ya () afy (d) S+5+,
O
a — —
2
(b) —2
() -1




Worked example Your turn

a, B and y are the roots of the cubic equation «, f and y are the roots of the cubic equation

2x3 —3x2+4x -6 =0. 2x3 +3x2 —4x+4=0.

Without solving the equation, find the values of a?f?%y? Without solving the equation, find the values of a?f2y?
and a3p3y3 and a3B3y3

a?f?y? = 4and a3p3y3 = -8




Worked example Your turn

The roots of a cubic equation The roots of a cubic equation

ax3 + bx*+cx +d =0are ax3 +bx*>+cx+d=0are
a=1-3i,f=1+3iandy = 3. a=1-2i,=1+2iandy = 2.
Find integers values for a, b, c and d. Find integers values for a, b, c and d.

a=1,b=-4,c=9,d =-10




Worked example

Your turn

The roots of a cubic equation
ax3 + bx*+cx +d =0are

2 1
af—g,ﬁ—gandy—l.

Find integers values for a, b, c and d.

The roots of a cubic equation
ax3+bx?>+cx+d =0are

3 1
a—E,,B—Eandy—l.

Find integers values for a, b, c and d.

a=4,b=-12,c=11,d = -3



Worked example

Your turn

The cubic equation x> — 42x2 + 336x — 512 = 0
has roots «, ka, and k?a for some real constant k.
Find the values of « and k

The cubic equation x3 — 14x2 + 56x — 64 = 0 has
roots a, ka, and k?«a for some real constant k. Find
the values of ¢ and k

a=&k=2ma=&k=%



4.3) Roots of a quartic equation  Chapter CONTENTS



Worked example

Your turn

a,3,v,and 6 are the roots of the quartic equation
xt—3x3-2x+x—-4=0

Find the values of:

@Qa+p+y+94

(D)aB +ay +ad + By + LS +y6

() aBy + afsd + ayé + Byd

(d) flxﬂyf )
(E) p + E + ; +
(f) a*p?y?6*

Sl

a, fB,y,and § are the roots of the quartic equation
x*+3x3+2x2—x+4=0

Find the values of:

@Qa+pf+y+4
(D)af+ay +ad+ Py + LS5 +y6

() aBy + afd + ayé + Byd

(d) ftﬁyf )
(e) ; + E + ; +
(f) a®p3y?6°

() -3
(b)2
()1
(d) 4
()
(f) 64



Worked example Your turn

The roots of a quartic equation The roots of a quartic equation
ax* +bx> +cx?*+dx+e=0 ax*+bx3+cx?+dx+e=0
3 1 2
areazg,ﬂ =%,y= 2and§ = —% area = —5,,3 =—2¥= —2and6=§
Find integer values of a, b and ¢ Find integer values of a,b and ¢

a=12,b =40,c =25,d = -20,e = —12




Worked example

Your turn

The equation x* + 4x3 + px> + qgx — 80 =0,x €

C,p,q € R, hasroots a, 3,7, 4.

Giventhaty = —4 4+ 2iand 6 = y".

(a) Showthata + 8 —4 =0andthataf +4 =0

(b) Hence find all the roots of the quartic equation
and find the values of p and q.

The equation x* + 2x3 + px? + qgx — 60 = 0,x €
C,p,q € R,hasroots a, 3,7, 9.

Giventhaty = -2+ 4iand 6 =y~

(a) Showthata + f —2=0andthataf +3 =0
(b) Hence find all the roots of the quartic equation

and find the values of p and q.
(a) Shown

(b) p=9,q =-52



4.4) Expressions relating to the roots of a polynomial chapter CONTENTS



Worked example Your turn

A quadratic equation has roots a and . Given that | A quadratic equation has roots a and . Given that

a+ f =3andapf = 4, find: a+ [ =4andaf = 3,find:

(@7+5 B)a2B? (a2 +p7 (Da+p | @g+; O (Qa®+ (d)a®+p7
(a)*
(b)9
(o) 10

(d) 28




Worked example Your turn

A quadratic equation has roots a and . Given that | A quadratic equation has roots a and . Given that

a+ f =3andapf = 4, find: a+f =4andapf = 3, find:
(@) (@ +3)(B +3) (@) (@ +5)(B +5)
(b) (@* = 5)(B* - 5) (b) (@® = 3)(B* - 3)

(a) 48

(b) —12




Worked example

Your turn

A cubic equation has roots a, f and y.
Giventhata+f +y =-2,af + ay + fy = 3 and
afy = —4 find:

1 1 1
(a) E + E + ;
(b)a® + B* +y?
(Qa’+p%+y?
(d) (aB)? + (ay)? + (By)?
(e) a®B%y?

A cubic equation has roots a, f and y.
Giventhata+ f+y =2,af + ay + fy = —3 and
afy = 4 find:

1 1 1
(a) E + E + ;
(b)a® + % +y?
(Qa*+p°+y?
(d) (@B)? + (ay)* + (BY)?
(e) a®B°y?

(a)—3
(b) 10
(c) 38
(d) =7
(e) 64



Worked example Your turn

A cubic equation has roots a, 8 and y. A cubic equation has roots a, f and y.
Giventhata + f +y =%, af + ay + By = —%and Giventhata+ f +y = —%, aff + ay + By =%and
afy = %ﬁnd: afy = —%find:
(@) (@ +3)(B+3)(y +3) (@) (@+2)(B+2)(y +2)
b)2-a)2-B)2~v) (b)A-a)(A-B)A~v)

(a) =

(b)=




Worked example Your turn

A cubic equation has roots a, 8 and y. A cubic equation has roots a, 8 and y.
Giventhata + f +y =%, af +ay + Py = —%and Giventhata + f +y = —%, af +ay + By =Zand
: 2 ..
afy = %fmd (@B)? + (ay)® + (BY)? apy = —cfind (aB)® + (ay)® + (By)®
723

1600




Worked example

Your turn

The three roots of a cubic equation are a, f and y.
Given that afy =5, aff + fy + ya = —4 and

a + [ + y = 3, find the value of
(a+2)(B+2)(¥+2)

The three roots of a cubic equation are a, f and y.
Given that afy = 4, aff + fy + ya = =5 and
a + f +y = 3, find the value of
(a+3)(B+3)¥+3)

43



Worked example Your turn

A quartic equation hasroots a, 8,y and § A quartic equation has roots , 8,y and 6
Giventhat ) a = —%,Zaﬁ = %, Y afy = %and Giventhat ) a = %,Zaﬁ = —%, Yafy = —éand
apys = —=, find: apys =2, find:
1 1 1 1 1 1 1 1
(a);+E+;+g (a)a+ﬁ+;+§
(b) a? + B2 + y? + 52 (b) a? + p% + y? + 52
(C) a2ﬁ2y262 (C) 0[3,33)/353
3
(a) 7—5
(b)

OF




Worked example

Your turn

A quartic equation hasroots a, 5,y and §
Giventhat ) a = —%,Zaﬁ = %, Yafy = %and
afyd = —g, find:

(@) (@+2)(B+2)(y +2)(6 +2)
b)2-a)2 -2 ~-y)2~-3)

A quartic equation has roots , 5,y and 6
Giventhat ) a = %,Zaﬁ = —%, Yafy = —iand
afyd = g, find:
@@+DE+HEY+1DEG+1)
b)A-a)A-pHA-y)A-6)

113

(@)=
(b)Z



Worked example Your turn

A quartic equation hasroots a, 8,y and § A quartic equation has roots , 8,y and 6
Giventhat Y a = —%,Zaﬁ = %, Yafy = %and Giventhat Y} a = %,Zaﬁ = —%, Yafy = —éand
afyd = —g, find afyd = g, find

(@B)? + (ay)? + (a8)? + (By)? + (B2 + (¥6)? | (aB)® + (ay)® + (ad)* + (By)? + (B6)* + (¥6)?

823
240




Worked example Your turn

A quartic equation hasroots a, 8,y and § A quartic equation has roots «, 8,y and §
Giventhat ) a = —%,Zaﬁ = %, Yafy = %and Giventhat ) a = %,Zaﬁ = —%, zapy = —iand
afyd = —g, find afyd = g, find
(aBy)? + (aBd)* + (ayd)? + (Bys)? (aBy)? + (aB6)? + (ay8)? + (Byd)?
51

25




4.5) Linear transformations of roots Chapter CONTENTS



Worked example Your turn

The quadratic equation x% + 3x — 10 = 0 has The quadratic equation x* — 3x — 10 = 0 has
roots a and 3. roots a and f3.

Without finding the roots, determine the equation | Without finding the roots, determine the equation
withrootsa —2and f — 2 withrootsa —1landf — 1

w2 —w-—-12=0




Worked example Your turn

The cubic equation x3 + 2x? —3x +4 =0 The cubic equation x3 — 2x% + 3x —4 = 0
has roots «, f and y. Find the equation of the has roots «, f and y. Find the equation of the
polynomial with roots: polynomial with roots:

3a,3f and 3y 2a, 2 and 2y

w3 —4w? + 12w —-32=0




Worked example Your turn

The cubic equation x3 + 2x? —3x +4 =0 The cubic equation x3 — 2x% + 3x —4 = 0
has roots «, f and y. Find the equation of the has roots «, f and y. Find the equation of the
polynomial with roots: polynomial with roots:

a—2,—2andy — 2 a+3,f+3andy +3

w3 —11w? 4+ 42w —-58=0




Worked example

Your turn

The cubic equation x> + 2x? — 4 = 0 has roots
a,B,v, 6. Find the equation with roots (2a + 1),
(28 + 1), 2y + 1) and (26 + 1)

The cubic equation x3 — 2x2 + 4 = 0 has roots
a, B,7,6. Find the equation with roots (3a — 1),
B—1),B3y—1)and (36 — 1)

w3 —3w? —9w + 103 =0



Worked example Your turn

The quartic equation x* + 3x3 — x2 — 15x — 1 = 0 | The quartic equation x* —3x3 + 15x + 1 =0

has roots a, 8,y and &. Find the equation of the has roots @, 8,y and §. Find the equation of the
polynomial with roots: polynomial with roots:
Ba—1),(38—-1), 3y — 1) and (36 — 1) 2a+1),(2+1),(2y +1)and (26 + 1)

w* —10w3 4+ 24w?2 +98w —97 =0




