
1.3) de Moivre’s theorem



Worked example Your turn

Use de Moivre’s theorem to 
express in the form 𝑥 + 𝑖𝑦, where 
𝑥, 𝑦 ∈ ℝ

cos 𝜃 + 𝑖 sin 𝜃 5

cos 2𝜃 + 𝑖 sin 2𝜃 3

Use de Moivre’s theorem to 
express in the form 𝑥 + 𝑖𝑦, where 
𝑥, 𝑦 ∈ ℝ

cos 𝜃 + 𝑖 sin 𝜃 7

cos 3𝜃 + 𝑖 sin 3𝜃 5

cos 7𝜃 + 𝑖 sin 7𝜃

cos 15𝜃 + 𝑖 sin 15𝜃



Worked example Your turn

Express in the form 𝑒𝑛𝑖𝜃

cos 5𝜃 + 𝑖 sin 5𝜃 3

cos 3𝜃 + 𝑖 sin 3𝜃 7

cos 2𝜃 + 𝑖 sin 2𝜃 5

cos 7𝜃 − 𝑖 sin 7𝜃 3

Express in the form 𝑒𝑛𝑖𝜃

cos 3𝜃 + 𝑖 sin 3𝜃 7

cos 5𝜃 + 𝑖 sin 5𝜃 4

𝑒𝑖𝜃



Worked example Your turn

Simplify

cos
3𝜋
11

+ 𝑖 sin
3𝜋
11

2

cos
2𝜋
11

− 𝑖 sin
2𝜋
11

19

Simplify

cos
9𝜋
17

+ 𝑖 sin
9𝜋
17

5

cos
2𝜋
17

− 𝑖 sin
2𝜋
17

3

−1



Worked example Your turn

Express in the form 𝑥 + 𝑖𝑦 where 
𝑥, 𝑦 ∈ ℝ

1 − 3𝑖
6

Express in the form 𝑥 + 𝑖𝑦 where 
𝑥, 𝑦 ∈ ℝ

1 + 3 𝑖
7

64 + 64 3 𝑖



Worked example Your turn

𝑤 = 2 cos
𝜋

3
+ 𝑖 sin

𝜋

3
Giving your answer in the form 
𝑎 + 𝑖𝑏, where 𝑎, 𝑏 ∈ ℝ, find the 
exact value of:

𝑤6

𝑧 = 5 cos
2𝜋

3
+ 𝑖 sin

2𝜋

3

Giving your answer in the form 
𝑎 + 𝑖𝑏, where 𝑎, 𝑏 ∈ ℝ, find the 
exact value of:

𝑧4

−
25

2
+
25 3

2
𝑖



Worked example Your turn

𝑤 = −2 − 2 3𝑖
Using de Moivre’s Theorem, find 

𝑤5

𝑤4

𝑧 = −8 + 8 3𝑖
Using de Moivre’s Theorem, find 

𝑧3

4096



Worked example Your turn

Use de Moivre’s theorem to show 
that 𝑎 + 𝑏𝑖 𝑛 − 𝑎 − 𝑏𝑖 𝑛 is 
imaginary for all integers 𝑛

Use de Moivre’s theorem to show 
that 𝑎 + 𝑏𝑖 𝑛 + 𝑎 − 𝑏𝑖 𝑛 is real 
for all integers 𝑛

𝑎 + 𝑏𝑖 𝑛 + 𝑎 − 𝑏𝑖 𝑛

= 𝑟𝑒𝑖𝜃
𝑛
− 𝑟𝑒−𝑖𝜃

𝑛

= 𝑟𝑒𝑖𝑛𝜃 − 𝑟𝑒−𝑖𝑛𝜃

= 𝑟𝑛 𝑒𝑖𝑛𝜃 − 𝑒−𝑖𝑛𝜃

= 𝑟𝑛(cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃 − cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃
= 𝑟𝑛 2𝑖 sin 𝑛𝜃
= 2𝑟𝑛 sin 𝑛𝜃 (𝑖)



Worked example Your turn
Using Euler’s relation, prove that if 𝑛 is a positive integer,

𝑟 cos𝜃 + 𝑖 sin 𝜃
𝑛
= 𝑟𝑛(cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃)

Using Euler’s relation, prove that if 𝑛 is a positive integer,

𝑟 cos𝜃 + 𝑖 sin 𝜃
−𝑛

= 𝑟−𝑛(cos(−𝑛𝜃) + 𝑖 sin(−𝑛𝜃))

𝑟 cos 𝜃 + 𝑖 sin 𝜃
−𝑛

= (𝑟𝑒𝑖𝜃)−𝑛

= 𝑟−𝑛𝑒−𝑖𝑛𝜃

= 𝑟−𝑛 cos −𝑛𝜃 + 𝑖 sin −𝑛𝜃



Worked example Your turn
Without using Euler’s relation, prove that if 𝑛 is a positive 
integer,

𝑟 cos𝜃 + 𝑖 sin 𝜃
𝑛
= 𝑟𝑛(cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃)

Without using Euler’s relation, prove that if 𝑛 is a positive 
integer,

𝑟 cos𝜃 + 𝑖 sin 𝜃
−𝑛

= 𝑟−𝑛(cos(−𝑛𝜃) + 𝑖 sin(−𝑛𝜃))

𝑟 cos 𝜃 + 𝑖 sin 𝜃
−𝑛

=
1

𝑟 cos 𝜃 + 𝑖 sin 𝜃
𝑛

=
1

𝑟𝑛(cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃)

=
1

𝑟𝑛(cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃)
×
cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃

cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃

=
cos𝑛𝜃 − 𝑖 sin 𝑛𝜃

𝑟𝑛(cos2 𝑛𝜃 − 𝑖2 sin2 𝑛𝜃)

=
cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃

𝑟𝑛(cos2 𝑛𝜃 + sin2 𝑛𝜃)

= 𝑟−𝑛(cos 𝑛𝜃 − 𝑖 sin 𝑛𝜃)

= 𝑟−𝑛 cos(−𝑛𝜃 + 𝑖 sin(−𝑛𝜃))


