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1.1) Exponential form of complex numbers Chapter CONTENTS



Worked example

Your turn

Express in the form re'?, where
—n<f<m:
3 —2i

Express in the form re'?, where
—n<f<m:
2 — 3i

\/EB—OQSBL'



Worked example

Your turn

Express in the form re'?, where
—n<f<m
13 13

V2 (COSE + i sin g)

V13(cos(0.983) + i sin(0.983))

cosmT+isinm

Express in the form re'?, where

—n< <
T T
\/§(cos§+ ising)
i
\V3e8

V13(cos(—0.983) + i sin(—0.983)
V130983

T[+ .. T
cos— + isin—
2 2



Worked example

Your turn

Express in the form re'?, where
—n<f<m
13 13

V2 (COSE — [ Sin g)

5 e () - tn(-2)

Express in the form re'?, where
—n<f<m

V5 (cos% — 1 Sin %)
—TTl

V5e 3



Worked example

Your turn

Express in the form x + iy, where
x,y € R:

31Tl

V2e7 %

LT

Express in the form x + iy, where
x,y € R:

31Tl

V2e A

z=-—1—1

2i(0)

7 =



Worked example

Your turn

Express in the form
r(cos@ + isinf), where

—n <0 <
231
2e 5

—25mi

Express in the form
r(cos @ +isinf), where

—n <0 <
337t
de 7

A 57‘[+_ b
(Cos7 lsm7)




Worked example

Your turn

Use e'? = cos 8 + i sin @ to show
that cos 8 = %(ew + e~

Use e = cos @ + i sin 8 to show

thatsin = %(eie — e~ 10)

el = cosf +isinb
e % = cos(—0) + isin(—0)
= cosB —isinf
el — e~ =2isin@

1 . .
inf = e __ _—if
sin 57 (e e ")




1.2) Multiplying and dividing complex numbers Chapter CONTENTS



Worked example Your turn

T .. T T .. T 5 51 T T
2(cos—+isin—) X 5(cos=+isinz 3 O isin 2t X — 4+ isin—
( 6 6) ( 3 3) (cos 1 + i sin 12) 4(005 1 + i sin 12)

12i




Worked example Your turn

T .. T T .. T 5 51 T T
2(cos—+isin—) X 5(cosz—isinz 3 O isin 2t X — —jsin—
( 6 6) ( 3 3) (cos 12 + L sin 12) 4(cos 12 L SIn 12)

6 + 6iV3




Worked example Your turn
T, . T
2 (COSg + lSlng) 3 (cosi—g + isini—g)
T T
5(cosz +isinm T,
( 3 3) 4(cos 12+lsm 12)
3 3V3.
—+—i

8 8



Worked example Your turn

Express in the form x + iy Express in the form x + iy
3e12 X \/2¢e4 2¢6 x/3e3
2iV3

Tl Tl
Se% xV7e2Z




Worked example

Your turn

Expressin the form x + iy
Tl
3e4

Tl

b6el2

S5e 4

m

V7e 2

Express in the form x + iy
Tl
V5e %
mi
7e2




Worked example Your turn
z=1-1 z = 5V3 —5i
Find Find
(a) || @) |z| 10
(b) arg(z) interms of
(b) arg(z) interms of T
6
T T T T
W:3(COSE+lSIHE) WZZ(COSZ_I_iSinZ)
Find Find 1
w w -
© © 5
w
(d) arg |~ @ argl? .
517 12




Worked example Your turn
z =3+ 3i Z=2+2
Im(zw) =0 Im(zw) =0
|zw| = 2|z] |zw| = 3|z]

Use geometrical reasoning to find
the two possibilities for w, giving
your answers in exponential form

Use geometrical reasoning to find
the two possibilities for w, giving
your answers in exponential form

y[A) 37Tl

W1=3€ 4,W2=3€4



1.3) de Moivre’s theorem Chapter CONTENTS



Worked example

Your turn

Use de Moivre’s theorem to
express in the form x + iy, where
x,y ER

(cos @ + isin8)>

(cos 20 + isin 26)3

Use de Moivre’s theorem to
express in the form x + iy, where
x,y €ER

(cos@ +isin@)’

cos70 +isin76

(cos 36 + isin 30)°
cos 156 + isin 156



Worked example

Your turn

Express in the form e™?
(cos 50 + isin 560)3

(cos 36 + isin36)7

(cos 26 + isin 26)°

(cos760 —isin70)3

Express in the form e™?

(cos 30 + isin 36)7
(cos 50 + isin560)*

el@




Worked example Your turn

Simplify Simplify
3m . . 3m\* O . . 9m\°
(cosﬁ + 1 SIn ﬁ) (cosﬁ + 1 SIn ﬁ)
(cos 2% — isin?) (cos 25 — isin22)
COS 11 L SIn 11 CoS 17 L SIn 17

—1




Worked example Your turn

Express in the form x + iy where | Express in the form x + iy where
x,y €ER x,y € R

(1-3i) (1+v30)
64 + 643 i




Worked example Your turn
_ T, ... 2T 2T
W—\/E(cos§+lsm§) z=\/§<cos?+isin?>

Giving your answer in the form
a + ib, where a,b € R, find the
exact value of:

.

Giving your answer in the form
a + ib, where a,b € R, find the

exact value of:

Z4-

25+25\/§,
2 T ¢




Worked example Your turn
w=—2—2v3i z=—8+8V3i
Using de Moivre’s Theorem, find | Using de Moivre’s Theorem, find
w? z3
4096




Worked example

Your turn

Use de Moivre’s theorem to show
that (a + bi)™ — (a — bi)™is
imaginary for all integers n

Use de Moivre’s theorem to show
that (a + bi)™ + (a — bi)™ is real
for all integersn

(a + bi)™* + (a — bi)"
= (rei‘g)n — (re‘ig)n
— reinb _ ,o—inb
— 7,n(eine _ e—in@)
= r"(cosnf + isinnf — (cosnf — i sinnf)
= r"(2i sinnf)
= 2r"sinn@ (i)



Worked example Your turn

Using Euler’s relation, prove that if n is a positive integer, | Using Euler’s relation, prove that if n is a positive integer,
(r(cos6 + isin®))" = r"(cosné + i sinnd) (r(cos@ +isin8)) " = r~"(cos(—nb) + i sin(-nh))

(r(cos 6 + isin 9))_n
— (reie)—n
-n,—in6

=Tr e

= r~"(cos(—n#) + i sin(—nH))




Worked example Your turn

Without using Euler’s relation, prove that if n is a positive | Without using Euler’s relation, prove that if n is a positive
integer, integer,
(r(cos6 + isin®))" = r"(cosné + i sinnd) (r(cosf +isinB)) " = r~"(cos(—nf) + i sin(—nb))

(r(cos 6 + isin 9))_n

1
N (r(cos 6 + isin 6))n

1
~ r*(cosn6 + i sinno)

1 cosnf — isinnf

= — X —
r"(cosnf + isinnf) cosnf —isinnb

cosnf — i sinnf

~ r"(cos2nB — i2 sin2 nh)

cosnbf — isinnf
r™(cos? nf + sin? noh)

= r~"(cosnf — isinnfh)

= r~"*(cos(—n#) + i sin(—nHh))




1.4) Trigonometric identities Chapter CONTENTS



Worked example Your turn

Use de Moivre’s theorem to show that Use de Moivre’s theorem to show that
cos 60 = 32cos® O —48cos* 0 + 18cos? 0 — 1 cos560 = 16 cos® 0 — 20cos3 0 + 5cos b

Shown




Worked example Your turn

Use de Moivre’s theorem to show that Use de Moivre’s theorem to show that
sin560 = 16sin® 0 — 20sin3 6 + 5sin @ sin 46 = 4 cos3 6 sinf — 4 cos 9 sin3 0

Shown




Worked example Your turn

Use de Moivre’s theorem to show that Use de Moivre’s theorem to show that
69—1 69+3 49+15 249+5 59—1 549+5 39+5 0
cos® O = 32 COoS T coS 37 cosS T cos> 0 = T coS T CoS 3 coS

Shown




Worked example Your turn

Use de Moivre’s theorem to show that Use de Moivre’s theorem to show that
5 1
sin® 9 = Esin 50 — Esin 360 + gsinH sin* 9 = gcos40 ~ 5 cos 20 + 3

Shown




Worked example

Your turn

Use de Moivre’s theorem to show that

5
sin® @ = —sin560 — —sin30 + —sin 8

16 16

Hence find the exact value of
T

2
j sin® @
0

8

Use de Moivre’s theorem to show that

4 - _ _ -
sin® @ 8cos49 2c052t5?+8

Hence find the exact value of
T

2
f sin* 6
0

31
16



Worked example Your turn

Show that Show that
32 cos?6sin*0 = cos60 — 2cos46 —cos26 +2 |32sin? 0 cos* 0 = —cos 68 — 2 cos 46 + cos 26 + 2

Shown




Worked example

Your turn

Show that
32 cos? 0 sin* @ = cos 68 — 2 cos 460 — cos 20 + 2

Hence, find the exact value of
A

3
j cos? 0 sin* 6
0

Show that
32sin? 8 cos* 6 = —cos 660 — 2 cos 40 + cos 26 + 2

Hence, find the exact value of
YA

4
f sin? 0 cos* 6
0

T[+1
64 48



Worked example Your turn

Use de Moivre’s theorem to show that Use de Moivre’s theorem to show that

cos 50 = 16 cos® O — 20 cos3 6 + 5cosf cos 60 = 32cos® 0 — 48 cos* O + 18cos? 0 — 1
Hence find the distinct solutions of the equation Hence find the six distinct solutions of the
16x> — 20x3 + 5x —% = 0, giving your answers to | equation 32x° — 48x* + 18x? — % = 0, giving your
3 decimal places where necessary. answers to 3 decimal places where necessary.

x = £0.342,1+0.643,1+0.985




Worked example

Your turn

Use de Moivre’s theorem to show that
cos 50 = cos 0 (16 cos* 6 — 20 cos? 0 + 5)
Hencesolvefor0 <6 <m
cos 560 —cosBcos260 =0

Use de Moivre’s theorem to show that
sin50 = sin@ (16 cos*d — 12 cos? 0 + 1)
Hencesolvefor0 <6 <m
sin50 + cosfsin20 =0

m 31
6=0

R 1.209 (3 dp) and 1.932 (3 dp)



1.5) Sums of series Chapter CONTENTS



Worked example Your turn
5 3ei9
321'6 —1 e4i0 —1
3e—i9
21 sin 20
2e? 11
6i0 _ i0
€ 1 e3 —1
_i6
11e 6
21 sin%
7

i0
e5 —1




Worked example Your turn

S =e0 +e20 4 30 ... 4 %9 for@ # 2nm, S =¢e!0 420 4 310 4 ... 4 819 for @ + 2nm,
where n is an integer. where n is an integer.
7i0 9i0
— = 9 — .
a) Show that § = % a) Show that § = w
Sll’lE smE

Shown




Worked example

Your turn

S =el0 420 4 o310 1 ... 4 060 {or@ + 2nm,
where n is an integer.

7i0

L
a) Showthats$ = %

sin—
2

Let P = cos 8 + cos 20 + cos 30 + :-- + cos 60 and
Q =sinf + sin 26 + --- + sin 66

(b) Use your answer to part a to show that

76 . 0 ] . .
P = cos —sin 360 cosec and find similar

expressions for Q and %

S=e® 420 1 300 4 ... 4 80 {or 9 % 2nm,
where n is an integer.
ELLA
a) Showthats$ = w
SIHE
Let P = cos@ + cos 260 + cos 360 + :-- + cos 86 and
Q =sinf + sin 260 + -+ + sin 86

(b) Use your answer to part a to show that

P = cos?sin 40 cosecgand find similar
expressions for Q and %
Shown
Q = sin ? sin 46 cosecg
Q 96

— — tan—
p 5



Worked example

Your turn

The convergent infinite series C and S are defined
as

1 1 1
c=1 +§cost9 +£c0529 +EC0539 + -

1 1 1
S=§sm9+£sm29+msm39+m

a) Find an expression for C + iS
b) Hence find an expression for Cand S

The convergent infinite series C and S are defined
as

1 1 1
c=1 +§cost9 +§c0520 +ﬁC0538 + -

1 1. 1
S—§sm9 +551n29 +ﬁsm39+---

a) Find an expression for C + iS
b) Hence find an expression for Cand S

; 3
a)C+1i5 =35
9-3 cos 6
b) C =
10—6 cos @
3sin @

"~ 10-6cos 6




Worked example

Your turn

The convergent infinite series C and S are defined
as

1 1 1
C=1—-=cosf +—-cos20 ——cos30 + -

3 9 27
S=2sinf — ~sin26 + ——sin30 +
=3 sin 5 sin 57 sin 9
By considering C — iS, show that € = ———~—
10+6 cos 6@

write down the corresponding expression for S

and

The convergent infinite series C and S are defined
as

1 1 1
C=1——-=cosB +-cos20 ——cos30 + -

2 4 8
1 1 1
S =—=sinf —ZsinZH +§sin39 + -

2
By considering C — iS, show that C = 4429059 ond
5+4 cos 6

write down the corresponding expression for S

Shown
2sinf@

S =
54+ 4cos@




1.6) nth roots of a complex number Chapter CONTENTS



Worked example Your turn

Solve Solve
78 — 7% =
Express the roots in the form x + iy, Express the roots in the form x + iy,
where x,y € R wherex,y € R
z1 =1
Zy =1
Z3 = —1

N
NN
|l

|




Worked example

Your turn

Solve

z’—1=0
Express the roots in the form x + iy,
where x,y € R

Solve

z2—1=0
Express the roots in the form x + iy,
wherex,y € R

z1 =1

z, = 0.309 + 0.951i
zz = —0.809 + 0.588i
z, = —0.809 — 0.588i
zg = 0.309 — 0.951i



Worked example

Your turn

Solve z3 = —1
Express the roots in the form
x + iy, wherex,y € R

Solve z3 =1
Express the roots in the form
x + iy, wherex,y € R

Zl=1
_ 1,3
2= 7T
1 /3
Z3=___l_



Worked example

Your turn

Find the cubic roots of unity, and the
value of their sum.

Find the quintic roots of unity, and the

value of their sum.

Zni 47'L'l. —4-7Tl. —Zni
l,e5,e5 ,e 5 ,e 5

z°—1=0
z-—1DE*+2z23+2z2+2z+1)=0
27TT.
z=es5,s0z—1+0
Wzt 4+ 234+ 7z2°+2z4+1=0



Worked example Your turn

Solve z3 = —1 Solve z3 =
Express the roots in the form Express the roots in the form
x + iy, wherex,y € R x + iy, wherex,y € R

Represent your solutions on an Argand | Represent your solutions on an Argand
diagram diagram




Worked example Your turn

Solve z* = —2 4+ 2V/3 i Solve z* = 2 4+ 2V/3 i
Express the roots in the form Express the roots in the form
r(cos@ +isinf), where—-t <6 <m r(cos@ +isinf),where -t <8 <m
T /[
Zy = COS— + lsmﬁ)
71T
Zy, = (cos— + i sin E)

ool 2) i)
s )




Worked example Your turn

Solve z3 + 322 + 32ivV2 =0 Solve z3 4+ 4v2 + 4iv/2 = 0
Express the roots in the form Express the roots in the form
ret wherer >0and—n<6<mn ret wherer >0and—-n<6<mn
_m
Z1 = 28 4
5mi
Zoy = 28 12
117i

Z3 — 28_ 12




Worked example

Your turn

Find the three roots of the equation
(z—1)3=-1

Plot the points representing these three
roots on an Argand diagram.

Given that these three points lie on a
circle, find its centre and radius

Find the three roots of the equation
(z+1)3 =-1

Plot the points representing these three
roots on an Argand diagram.

Given that these three points lie on a
circle, find its centre and radius

Centre (1,0) ; Radius 1



1.7) Solving geometric problems  Chapter CONTENTS



Worked example Your turn

The point P(\/§, —1) lies at one vertex of an | The point P(\/§, 1) lies at one vertex of an
equilateral triangle. The centre of the triangle | equilateral triangle. The centre of the triangle

is at the origin. is at the origin.

(a) Find the coordinates of the other vertices | (a) Find the coordinates of the other vertices
of the triangle. of the triangle.

(b) Find the area of the triangle. (b) Find the area of the triangle.

a) (—V3,1) and (0, —2)
b) 33




Worked example

Your turn

The point P(1, —V3) lies at one vertex of a

regular pentagon. The centre of the polygon
is at the origin.

Find the coordinates of the other vertices.

The point P(—l, \/§) lies at one vertex of a

regular pentagon. The centre of the polygon
is at the origin.

Find the coordinates of the other vertices.
Round your answers to 2 decimal places.
(—1.96,0.42)
(—0.21,—-1.99)
(1.83,—0.81)
(1.34,1.49)



