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Algebraic Methods
Chapter Overview
1. Proof by contradiction
2. Algebraic fractions
3. Partial fractions
4. Algebraic division
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Prove by contradiction that if n? is even, then n must be even.

= More Examples
o
]

10 |

Py m—

S
s
14 Click to add notes
J
1
Side6or29 [ Englsh (United Kingdom) otes Wcomments | [E 35 B & - 1 + o @

10/05/2019




image7.png
P2-Chpl-AlgebraicMethods (1).ppx - PowerPoint

s s SeSmn Rum Wm0 e Saly Cooper | 8, Share

[ElLayout- ~~Oool | O £ Find
EReset AL LD So-| D 2. Replace ~
& Secton - DIV 1l I3 Select~

Cipboard fo Paagrapn b ating o

= More Examples

Prove by contradiction that v/2 is an irrational number.

A rational number is one that
can be expressed in the form %
where @, b are integers.

Anirrational number cannot be
expressed in this form, e.g.
me,

The set of all rational numbers is
Q (real numbers: R, natural
numbers: N, integers: Z).

Thisis the standard (and well

«— known) proof for the irrationality of
/2. Here's Dr Frost's non-standard
but quicker proof:

2%
If a number is square then the
powers in the prime factorisation
are even. The power of 2 on the RHS
is therefore even, but odd on the
LHS (due to the extra 2). This is a
contradiction. -
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2
= e Examples

Prove by contradiction that there are infinitely many prime numbers.

This proof is courtesy of

Euclid, and is one of the
earliest known proofs.
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Multiplying/Dividing Algebraic Fractions

As your saw at GCSE level, multiplying algebraic fractions is no different to multiply
numeric fractions.
You may however need to cancel common factors, by factorising where possible.

c
—X ==

To divide by a fraction, multiply by the reciprocal of the second fraction.

p.T_
q q
x+2 3x+6

x+4 x2—16
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Test Your Understanding

x+3>< 10
5 x2 -9

xP4x x*P-x—2

y oy

| Common student “Crime against Mathematics”:

Py _xt
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Adding/Subtracting Algebraic Fractions

To add/subtract two fractions, find a common denominator.

This can be achieved by multiplying the denominators and cross-
multiplying the numerators:

3 2

x+1 x+2

However, often we should see if first if there are common factors in the
denominator to avoid multiplying unnecessarily:
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Test Your Understanding
[Edexcel C3 June 2013(R) Q1]
Express
3z+5 2
24z —12 z—3
as a single fraction in its simplest form
Express the following as a single fraction, giving your answer in its
simplest form.
10 e
e — 10z + 4 3
[ _—
32244z +1 z+1
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Partial Fractions

If the denominator is a product of a linear terms, it can be split into the sum of
‘partial fractions’, where each denominator is a single linear term.

[n] 6x — 2 A B Notation reminder: = means

= + ‘equivalent/identical to’, and indicates that
(x=-3)(x+1) x-3 x+1 both sides are equal for all values of x.

Method 1: Substitutio; Method 2: Comparing Coefficients
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Repeated linear factors

— ?
( +1)2 ey . What's the problem?

Suppose we wished to express

- 11x2+14x+5
Split ——————into partial fractions.
n P D2(axe) MO P
The problem is resolved by

11x% + 14x +5 A B c o
= + + having the factor both
(x+1)2(2x+1)  x+1 (x+1)2 2x+1 [EELTELELLELIEEE
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Dealing with Improper Fractions

In Pure Year 1, we saw that the ‘degree’ of a polynomial is the highest power, e.g. a
2 = quadratic has degree 2.

An algebraic fraction is improper if the degree of the numerator is at least the degree of
the denominator. 3 2
x2—3 x> —x“+3
x+2 x-x

x—1
\

A partial fraction is still
improper if the degree is the
same top and bottom.

Questions might take one of two forms:
2
1

* Do the division to express as a quotient and a remainder, e.g. % - 1+

. - x2+x
Express as partial fractions, e.g. DD A+
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Reducing to Quotient and Remainder

You know for example that as 7 + 3 = 2 rem 1, we could write:

7,1
3 °73
Similarly in general:
F(x) remainder
Tivisor ~ QO + =g
ivisor % divisor
Quotient
2
- 2.4 5yt
e |fx+57xg:Ax+B+ ¢ . determine the values of 4, B and C.
x+2 x+2
24I:I
25—
26—
27 =
28 [ :
)
29 [ Click to add notes
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Dealing with Improper Fractions

n Split m into partial fractions.

Method 1: Algebraic Division Method 2: Using One Identity

3
[
%=
25 =g
26—
‘liml
28— :
s
2= Click to add notes
T T G

10/05/2019




image22.png
Test Your Understanding
EEEIE

ox? +20x-10 . . .
Express —————— in partial fractions.
(x+2)3x-1) @




image1.png
[m DrfrostMaths.com x
<« C (Y @ httpsy//qualifications.pearson.com/content/dam/pdf/A%20Level/Mathematics/2017/specification-and-sample-assesment/a-level-13-mathematics-specification... ¥¢ €
B Apps @ Intemet Bxplorerca.. @ Microsoft Outiook.. € The King's School, Imported From [E

U SUPPUTL U LSBTGS QAN WL TS A ML TS G,
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Understand and use the
structure of mathematical
proof, proceeding from
given assumptions
through a series of logical
steps to a conclusion; use
methods of proof,
including: Examples of proofs

Proof by deduction Proof by deduction

e.g. using completion of the square,
prove that n? — 6n + 10 is positive for
all values of 1 or, for example,
differentiation from first principles for
small positive integer powers of x or
proving results for arithmetic and geometric
series. This is the most commonly used
method of proof throughout this
specification

Proof by exhaustion Proof by exhaustion

This involves trying all the options.
Suppose x and y are odd integers less
than 7. Prove that their sum is
divisible by 2.

Disproof by counter Disproof by counter example
example

g. show that the statement
'n®—n+ 1is a prime number for all
values of n” is untrue

Proof by contradiction
(including proof of the
irrationality of \2 and the
infinity of primes, and
application to unfamiliar
proofs).





image2.png
[m DrfrostMaths.com x
<« C (Y @ httpsy//qualifications.pearson.com/content/dam/pdf/A%20Level/Mathematics/2017/specification-and-sample-assesment/a-level-13-mathematics-specification... ¥¢ €
B Apps @ Intemet Bxplorerca.. @ Microsoft Outiook.. € The King's School, Imported From [E

brackets and fractions. quadratic inequalities

e.g. L <b becomes ax < by
x

Express solutions through | So, e.g. x<a or x > b is equivalent to
correctuse of ‘and’and | {x:x<a}U{x:x>bh}

‘or", or through set and {x:e<x}n{x:x<d}is
notation. equivalent to x > ¢ and x < d

Represent linear and Shading and use of dotted and solid
quadratic inequalities such | line convention s required.
asy>x+1and

y>ax+bx +c graphically.

Manipulate polynomials | Only division by (ax + b) or (ax —b) will
algebraically, including be required. Students should know
expanding brackets and | that if f(x) = 0 when x = q, then (x—a)
collecting like terms, is a factor of f(x).

factorisation and simple
algebraic division; use of
the factor theorem.

Students may be required to factorise
cubic expressions such as
X434 and 6+ 1L —x—6.

Simplify rational expressions, | Denominators of rational expressions will
including by factorising and | be linear or quadratic,

cancelling, and algebraic NN
division (by linear expressions | o 1 i ax+b  Xia
only). ax+b’ plagrer’ x

Pearson Edexcel Level 3 Advanced GCE in Mathematics
Specifcation - Issue 3 - January 2018 - © Pearson Educaton Limited 2018
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then

P = =x

They should also know that the graph of
=1"(x) is the image of the graph of

flx) after reflection in the line y = x

Understand the effect of | Students should be able to find the graphs
simple transformations on | of y = |f(x)| and y = | ()|, given the
the graph of y = (x), graph of y = f(x).

including sketching

assodiated grapha: Students should be able to apply a

combination of these transformations to
y=a), y=fex)+a, any of the functions in the A Level
V=t a)y y=flax) specification (quadratics, cubics, quartics,

a
reciprocal, L, |, sins, cos., tan s
and combinatons oftese | P M

ansormations

¥
and ) and sketch the resulting graph

Given the graph of y = f(x), students
should be able to sketch the graph of, e.g.
2M3), ory=f-0) + 1,

and should be able to sketch

(for example)

*
3+sin2e y=-cos|x+

Decompose rational functions | Partial fractions to include denominators
into partial fractions such as

(denominators not more (@x+ b)ex + dyex +) and

complicated than squared

linear terms and with no (ax+b)(ex + .
more than 3 terms,
numerators constant or
linear).

Applications to integration, differentiation
and series expansions.
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1 :: Proof By Contradiction

. To prove a statement is true by contradiction:

* Assume that the statement is in fact false.

* Prove that this would lead to a contradiction.

* Therefore we were wrong in assuming the statement was false, and
therefore it must be true.

Prove that there is no greatest odd integer.

Q — Assume that there is a greatest odd integer, n.
) ) o How to structure/word proof:
Thenn + 2 is an odd integer which is larger 1. “Assume that [negation of
tha.n - . . . statement].”
This contradicts the assumption that n is the 2. [Reasoning followed by...]
11— greatest odd integer. “This contradicts the
Lot . . assumption that...” or “This
i Therefore, there is no greatest odd integer. P ——

“Therefore [restate original
statement].”

Click to add notes
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Negating the original statement

The first part of a proof by contradiction requires you to negate the original statement.
What is the negation of each of these statements? (Click to choose)

“There are infinitely
B many prime
numbers.”

“All Popes are “If it is raining, my
Catholic.” garden is wet.”

“There are infinitely many non-
prime (i.e. composite)
numbers.”

“There exists a Pope who is “IFit s not raining, my
not Catholic.” garden is dry”

“IFit s not raining, my
garden is wet”

“There are finitely many prime

A “No Popes are Catholic”
numbers!

“There are finitely many non- “If it is raining, my garden is

“Dr Frost is the Pope.”

composite numbers.” not wet”
12 Comments: The negation of “all are” is not Comments: If you have a conditional
“none are". So the negation of “everyone statement like “If A then 8", then the
likes green” wouldn’t be “no one likes negation is “If A then not B, i.e. the same =
green”, but: “not everyone likes green”. Do condition applies, but the implication is :
not confuse a ‘negation’ with the ‘opposite’. negated. .
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