A Level Statistics

Chapter 3
The Normal Distribution
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Examples

[Textbook] The diameters of a rivet produced by a particular machine, X
mm, is modelled as X~N(8,0.22). Find:

a) P(X>8)

b) P(7.8<X <82)
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fT Test Your Understanding

10

1Q (“Intelligence Quotient”) for a given population is, by definition,
distributed using X~N(100,152). Find:

a) P(70 <X < 130)

b) P(X>115)
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.. Getting normal values from your calculator

10 [t

. . 1Q is distributed using X~N(100,152). Find

(a) P(X <109)

(b) P(X =93)

() P(110 <X < 120)

(d) P(X <800rX>106)

Press MODE.

Choose DISTRIBUTION (option 7)

Choose Normal CD (i.e. “Cumulative Distribution”)

Since the lower value is effectively —oo, use any

value at least 55 below the mean (-100000 will dol).

Press = after each value.

5. Putthe upper value as 109. A diagram, while not
Seto = 15 and u = 100 essential, is useful to

! _ get a sense of whether
7. You should obtain P(X < 109) = 0.7257 (4dp) o nveris ot
We know the
probability must be

above 0.5, 50 0.7257
sounds about right.

pwNR

@

No lower bound, 100 109 5
50 use -100000 =
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f T Getting normal values from your calculator

’ 1Q s distributed using X~N(100,152). Find
(a) P(X < 109)

(b) P(X >93)

(©) P(110 < X < 120)

(d) P(X <80orX > 106)

11 er—

15 E—
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Test Your Understanding

The criteria for joining Mensa is an 1Q of at least 131.

Assuming that 1Q has the distribution X~N(100,152) for a population, determine:

a) What percentage of people are eligible to join Mensa.

b) If 30 adults are randomly chosen, the probability that at least 3 of them will be
eligible to join. (Hint: Binomial distribution?)

e
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Inverse Normal Distribution
£ We now know how to use a calculator to value of the variable to obtain a
probability. But we might want to do the reverse: given a probability of being in a
region, how do we find the value of the boundary?
[Textbook] X~N(20,3%). Find, correct to two
decimal places, the values of a such that:
a. P(X<a)=075
b. P(X>a)=04
¢ P16<X<a)=03
H 1. MODE - Distributions
2. Choose ‘Inverse Normal'.
3. Putthe area as 0.75 (this is the area up
1o the a value to determine). Put p = 20
ando =3.
4. Youshould get 22.0235.
16
:
s
< 0
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12 o
Further Example
If the 1Q of a population is distributed using
e X~N(100,152).
i a. Determine the IQ corresponding to the
I top 30% of the population.
—_—
b. Determine the interquartile range of 1Qs.
14 - -
—

16 | oo
17
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Test Your Understanding

18
X~N(80,72). Using your calculator,

a. determine the a such that P(X > a) = 0.65

b. determine the b such that P(75 < X < b 0.4
c. determine the ¢ such that P(c < X < 76) = 0.2
d. determine the interquartile range of X.
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Standard Normal Distribution

If again we use 1Q distributed as
X~N(100,152) then:

100 Pl

130 - and Z~N(0,12). Z is known as a gtandard normal distribution.
85

165

62.5

W Comments
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Standard Normal Distribution

L e

9@ =PZ<a) # ®(a) = P(Z < a) is the cumulative distribution
for the standard normal distribution. The values of
@(a) can be found in a z-table.

This is a traditional z-table in the old A “This is from the new formula booklet. This is sometimes
Level syllabus (but also found known as a ‘reverse z-table', because you're looking up the z-
0o a elsewhere). You no longer get given this | | value for a probability. Beware: p here it the probability of
and are expected to use your calculator. | | exceeding z rather than being up to z. Let's use it...
‘THE NORMAL DISTRIBUTION FUNCTION ‘ Percentage Points of The Normal Distribution ‘
N The vlues = in the tabe ae those which a random varible Z— N(0, 1) exceeds with probabiley p; tht
o 5, P(Z> 5= 1-0() ~p.
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Examples

[Textbook] The random variable X~N(50,4%). Write in terms of ®(z)
for some value of z.
(a) P(X <53)  (b) P(X =55)

[Textbook] The systolic blood pressure of an adult population, S mmHg, is modelled as a
normal distribution with mean 127 and standard deviation 16. A medical research wants
to study adults with blood pressures higher than the 95t percentile. Find the minimum
blood pressure for an adult included in her study.

[» = » |
05000 | 00000 | 00500 | 16449
2= 04000 | 02533 | 00250 | 19600
03000 | 05244 | 00100 | 23263
T I 1 0200 | 08416 | 00050 | 25758
= 01500 | 10364 | 00010 | 30902
: 01000 | 12816 | 00005 | 32905

23—
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Further Examples
(a) Determine P(Z > —1.3) o | om0 | o5 | 005 |
(o) Determine P(~2 < 7 < 1) e e
(c) Determine the a such that P(Z > a) = 0.7 0200 [ 08416 | 00050
(d) Determine the a suchthat P(—a < Z < a) = 0.6 Ftoor T iu1s Tooms s |
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Test Your Understanding
| |
1Q is distributed with mean 100 and standard deviation 15. Using an |
appropriate table, determine the IQ corresponding to the T By T e
(a) top 10% of people. o000 | 00250 | 19600
(b) bottom 20% of people. o e Looe [0

0.1500
0.1000

00010 | 3.0902
00005 | 32908

If X~N(100,15%), determine, in terms of ®:
(a) P(X >115)
(b) P(77.5 < X < 112)

.-,.— E Find the a such that:
28 ETE— (a) P(ra<Z<a)=02
= (b) P(0<Z<a)=035
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e Missing i and @

In the last section, you may have thought, “what’s the point of standardising to Z when
- g | can just use the DISTRIBUTION mode on my calculator?”

Fair point, but both forward and reverse normal lookups on the calculator required you
- to specify y and 0.

| [Textbook] X~N (i, 32). Given that P(X > 20) = 0.2, find the value of y.

3 z 3 :
05000 | 00000 | 00500 | 1649

04000 | 02533 | 00250 | 19600
03000 | 05244 | 00100 | 23263
02000 | 08416 | 00050 | 25758
01500 | 10364 | 00010 | 30902
01000 | 12816 | 0.0005 | 32905

[Textbook] A machine makes metal sheets with width, X cm,
modelled as a normal distribution such that X~N (50, a'2).
(a) Giventhat P(X < 46) = 0.2119, find the value of o.
(b) Find the 90 percentile of the widths.
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A
e When both are missing
4 e If both u and ¢ are missing, we end up with simultaneous
= . equations which we must solve.
Edexcel S1Jan 2011
The weight, ¥ grams, of soup put into a carton by machine B is normally distributed with mean
1t grams and standard deviation o grams.
(c) Given that P(Y < 160) = 0.9 and P(¥> 152) = 0.90, find the value of zand the value of o
(©)
pLr——
“Use of Technology” Monkey says:
Your Classwiz solves simultaneous equations. Look under the EQUATIONS mode. v
:
*
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Test Your Understanding

Edexcel S1 May 2013 (R)

‘The time taken to fly from London to Berlin has a normal distribution with mean 100 minutes
and standard deviation d minutes.

27 [

Given that 15% of the flights from London to Berlin take longer than 115 minutes,

(b) find the value of the standard deviation d.

“)

L] rrem—

Edexcel S1 Jan 2002

5. Thedurationofthe pregnancy of a certain breed of cow is normally distributed

with mean udays and standard deviation o days. Only 2.5% of all pregnancies |
are shorter than 235 days and 15% are longer than 286 days.
(a) Show that - 235 =1.960.
@
() Obtain a second equationin and o
(OO

(o) Find the valueof zand the value of o

30 ErTEET— @
(d)Find the values between which the middle 68.3% of pregnancies lie.
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Approximating a Binomial Distribution

If we're going to use a normal distribution to approximate a Binomial distribution,
it makes sense that we set the mean and standard deviation of the normal
distribution to match that of the original binomial distribution:

# If nis large and p close to 0.5, then the binomial distribution X~B(n, p) can be
approximated by the normal distribution N (i, %) where

u=

o=

Quickfire Questions:

X~B(1002) - v~ |
X~B(2005) - v~ |
X~B(6,03) — Y~|:|
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Continuity Corrections

One problem is that the outcomes of a binomial distribution (i.e. number of successes)
30— are discrete whereas the Normal distribution is continuous.

We apply something called a continuity correction to approximate a discrete

distribution using a continuous one.

The random variable X represents the time to finish a race in hours. We're
interested in knowing the probability Alice took 6 hours to the nearest hour.
How would you represent this time on a number line given hours is discrete?
And what about if hours was now considered to be continuous (as Y)?

o

3 4 5 6 7 8 9 10

We can’t just find P(Y = 6) when Y is continuous, because the probability is effectively 0. But
P(5.5 <Y < 6.5) would seem a sensible interval to use because any time between 5.5 and
6.5 would have rounded to 6 hours were it discrete. 3

35—
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Examples

— e e

P(X<7)

P(X < 10)
P(X >9)

P(1 <X <10)
P(3< X <6)
P(3<X<6)
P(3<X<6)
P(X =3)

A continuity correction is approximating a
discrete range using a continuous one.

34
1.If > or <, convert to >, < first.

2. Enlarge the range (at each end) by 0.5.

35
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—
[Textbook - Edited] For a particular type of flower bulbs, 55% will produce yellow
=l flowers. A random sample of 80 bulbs is planted.
35 (a) Calculate the actual probability that there are exactly 50 flowers.

(b) Use a normal approximation to find a estimate that there are exactly 50 flowers.
(c) Hence determine the percentage error of the normal approximation for 50 flowers.
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Test Your Understanding

Edexcel S2 Jan 2004 Q3

The discrete random variable X is distributed B(n, p).

(@) Write down the value of p that will give the most accurate estimate when approximating
the binomial distribution by a normal distribution.
m
(b) Give a reason to support your value. m
(c) Given that n = 200 and p = 0.48, find P(90 < X < 105). (W]
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Hypothesis Testing on the Sample Mean
Imagine we have 10 children, one of each age between 0 and 9.
This is our population. There is a known population mean of ¢ = 4.5
x Suppose we took a sample of 4 children.

le 1: :
‘. BEGE -5

4.00

4.25 |
The mean of this sample is ¥ = 4.75. This 4.50
sample mean X is close the true population 475 |
mean g, but is naturally going to vary as we 5.00

consider different samples. o =
Distribution of Sample Means X

For a different sample of 4, we might obtain a
different sample mean. What would happen if we
took lots of different samples of 4, and found the
mean ¥ of each? How would these means be
distributed?

| took 1000
random samples.

In this histogram, 5
actually means
45<x<5

Frequency

00511522533544556556657758859 :
Mean of sample of 4 Units s

B8 B =
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35

— Textbook] A certain company sells fruit juice in cartons. The amount of juice in a carton has

T— pany J J

T a normal distribution with a standard deviation of 3ml.

The company claims that the mean amount of juice per carton, , is 60ml. A trading
36 = . . . - "

— inspector has received complaints that the company is overstating the mean amount of
juice per carton and wishes to investigate this complaint. The trading inspector takes a
random sample of 16 cartons and finds that the mean amount of juice per carton is 59.1ml.

S — Using a 5% level of significance, and stating your hypotheses clearly, test whether or not
there is evidence to uphold this complaint.
Fro Note: Don’t
. Hy: confuse X and X. The
Hy: As always, state the Xis the dls(:lbu;mn
> airey: : over amounts of
= Let X be — ‘;;;'&2‘\;;" X a"dh'g drinkin each
- Assuming H, ] ST i ivicual carton.
i g Zo, distribution of the Ris the distribution

sample means, X. over sample means,
ie.the possible

Bl sample means we
- I
= _F see as we take
== samples of 16
cartons. X might not
40 be normally
distributed, but ¥
will be. b
= g :
- 3
Siced00r45 L3 _Engish (United Kingdom) Notes B8 Comments | [E] - ' + 0 @3
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Finding the critical region

[Textbook] A machine products bolts of diameter D where D has a normal distribution with mean 0.580
cm and standard deviation 0.015 cm. The machine is serviced and after the service a random sample of
50 bolts from the next production run is taken to see if the mean diameter of the bolts has changed from
0.580 cm. The distribution of the diameters of bolts after the service is still normal with a standard

deviation of 0.015 cm.

(a) Find, at the 1% level, the critical region for this test, stating your hypotheses clearly.
The mean diameter of the sample of 50 bolts is calculated to be 0.587 cm.
(b) Comment on this observation in light of the critical region.

This is a two-tailed test so want the z
value corresponding to the top 0.5%
and bottom 0.5% respectively. Use
table below or your calculator.

x
Use the usual formula Z = 2=, except

— a

this time we use the standard

devia(ionof)?:\[if
B

» = r |

53000 | 00000 | o050 | e

04000 | 02533 | 00250 | 19600

03000 | 05244 | 00100 | 23263

[b] 02000 | 08416 | 00050

01500 | 1033 | 00010 -
0.1000 12816 0.0005 *
! s
= Notes Wcomments | [ 33 B T - ' + 0 @3
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Test Your Understanding

Edexcel S3 June 2011 Q7a

Roastie’s Coffee is sold in packets with a stated weight of 250 g. A supermarket manager claims
that the mean weight of the packets is less than the stated weight. She weighs a random sample
of 90 packets from their stock and finds that their weights have a mean of 248 g and a standard
deviation of 5.4 g.

(a) Using a 5% level of significance, test whether or not the manager’s claim is justified. State
your hypotheses clearly.
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Conditional Probabilities

This is not in the textbook. But given the recent Chapter 2 on Conditional Probabilities and
the fact that the type of question below occurred frequently in S1 papers, it seems
worthwhile to cover!

Edexcel S1 May 2014(R) Q4
The time, in minutes, taken to fly from London to Malaga has a normal distribution with mean
150 minutes and standard deviation 10 minutes.

The time, X minutes, taken to fly from London to another city has a normal distribution with
mean x4 minutes.

Given that P(X <y — 15)=0.35

(¢) findP(X>pu+ 15| X>pu—15). (&)
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Test Your Understanding

Edexcel S1Jan 2013 Q4a,c
The length of time, L hours, that a phone will work before it needs charging is normally
distributed with a mean of 100 hours and a standard deviation of 15 hours.

(a) Find P(L > 127).
(&)

Alice is about to go on a 6 hour journey. Given that it is 127 hours since Alice last charged her
phone,

(c) find the probability that her phone will not need charging before her journey is completed.
@

(a)
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= One Last Toughie...
==
1Q is distributed as X~N(100,152).
e A person is considered to be ‘pretty smart’ if their IQ is at least 130.

Determine the median 1Q of ‘pretty smart’ people.

lormalDistribution.ppx - PowerPoint
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Chapter Overview

1: Charac.ter.lstlc.s of the 2:: Finding probabilities on a standard
Normal Distribution
normal curve.

What shape;s it?.Whhat 5 “Given that IQ is distributed as
parameters does it have? X~N(100,152), determine the probability

— that a randomly chosen person has an IQ
3:: Finding unknown means/standard above 130
deviations.

In Wales, 30% of people have a height

above 1.6m. Given the mean height is :: Binomial - Normal Approximations

1.4m and heights are normally How would | approximate X~B(10,0.4) using
distributed, determine the standard a Normal distribution? Under what conditions
deviation of heights. can we make such an approximation?

5:: Hypothesis Testing

ol
J—
Side3 o ST FE " English (United Kingdom) Wonments | [ 53 B T - 1 +

10/05/2019




image2.png
<« C (Y @ nhttpsy//qualifications.pearson.com/content/dam/pdf/A%20Level/Mathematics/2017/specification-and-sample-assesment/a-level

HI3-mathematics-specification... ¥ @ i

Apps @ Internet Explorerca.. @ Microsoft Outiook... € The Kings Sc [ Imported From £

Pearson

variance of discrete
random variables is
excluded), including the
binomial distribution, as
2 model; calculate The notation X ~ B(1, p) may be used.
probabilities using the
binomial distribution. | Use of a calculator to find individual
or cumulative binomial probabilities.

Students should know and be able to
identify the discrete uniform
distribution.

Understand and use the The notation X ~ N(x, o) may be used.
Normal distribution as a

model; find probabllities Knowledge of the shape and the

using the Normal ‘symmetry of the distribution is required.
distribution Knowledge of the probability density
function s not required. Derivation of the
mean, variance and cumulative
distribution function is not required.

Questions may involve the solution of
simultaneous equations.

‘Students will be expected to use their
calculator to find probabilities connected
with the normal distribution.

Link to histograms, mean, | Students should know that the points of
standard deviation, points of | inflection on the normal curve are at
inflection x=ptao

The derivation of this result is not
expected

and the binomial Students should know that when  is large
distribution. and p is close to 0.5 the distribution

B(n, p) can be approximated by

N(up, npi1 - p])

‘The application of a continuity correction
is expected

Pearson Edexcel Level 3 Advanced GCE in Mathematics
Specifcation - Issue 3 - January 2018 - © Pearscn Education Limited 2018
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What does it look like?

The following shows what the probability distribution might look like for a
random variable X, if X is the height of a randomly chosen person.

We expect this ‘bell-curve’ shape, where
we’re most likely to pick someone with a
height around the mean of 180cm, with
the probability diminishing symmetrically
either side of the mean.

180cm Height in cm (x)

A variable with this kind of distribution is

said to have a normal distribution. For normal distributions we tend to draw
the y axis at the mean for symmetry.
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=== Normal Distribution Q & A
k| Fora Normal Distribution to be used, the
variable has to be:
lov)| With a discrete variable, all the probabilities
had to add up to 1.
For a continuous variable, similarly:
m To find P(170 < X < 190), we could:
m Would we ever want to find P(X = 200) say?
170cm 180cm 190cm Height in cm (x)
:
*
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The 68-95-99.7 rule

You need to memorise this!

13.6% 13.6%

i il

M-30 H-20 p-0 H H+o H+20  p+30

. . The histogram above is for a quantity which is

approximately normally distributed.

For practical purposes we consider
all data to lie within p + 50
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o
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