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8.1 Know and use the Integration as the reverse process of
Fundamental Theorem of differentiation. Students should know
Calculus that for indefinite integrals a constant

of integration is required.

8.2 Integrate x" (excluding For example, the ability to integrate
n =-1) and related sums, 2 1
differences and constant expressions such as —X —3x ! and
multiples. 2

(x+2)*
—1 s expected. x
£l
x2
Given f'(x) and a point on the curve,
Students should be able to find an
equation of the curve in the form
y=1).
1 . To include integration of standard functions
Integrate ™, —, sinkr, 9 )
X such as s 3x, sec” 2x, tan x, ™, —
cos kx and related sums, 2x
differences and constant Students are expected to be able to use
multiples. trigonometric identities to integrate, for
example, sin’ x, tan® x, cos® 3x.

8.3 Evaluate definite integrals; | Students will be expected to be able to
use a definite integral to evaluate the area of a region bounded by
find the area under a curve | a curve and given straight lines, or
and the area between two between two curves. This includes curves
curves defined parametrically.

For example, find the finite area bounded
by the curve y = 6x —x* and the line y = 2x
Or find the finite area bounded by the
curve y =x*— 5x + 6 and the curve
y=4—x>

8.4 Understand and use L &
integration as the limit of a Recognise JE fo)de = 6113_1}},2 f(x)ox
sum. =

8.5 Carry out simple cases of Students should recognise integrals of the
integration by substitution f'(x)
and integration by parts; form fx) dx = In f(x) + c.
understand these methods as
the inverse processes of the The integral J‘ Inxdx is required
chain and product rules
respectively Integration by substitution includes finding
(Integration by substitution a suitable substitution and is limited to
includes finding a suitable cases where one substitution will lead to a
substitution and is limited to function_ which can b_e integrated_;
cases where one substitution integration by parts includes more than
will lead to a function which one application of the method but
can be integrated; integration | €Xcludes reduction formulae.
by parts includes more than
one application of the method
but excludes reduction
Frrmnal=e %

8.3 Evaluate definite integrals; | Students will be expected to be able to

use a definite integral to
find the area under a curve
and the area between two
curves

evaluate the area of a region bounded by
a curve and given straight lines, or
between two curves. This includes curves
defined parametrically.

For example, find the finite area bounded




INTEGRATION

Integration is the reverse of differentiation. We use known derivatives to integrate.

The following are integrals that you should know:

SKILL #1: Integrating Standard Functions

There’s certain results you should be able to integrate straight off, by just thinking about
the opposite of differentiation.

x?‘l

X
1

X

COS X

sinx

SEC2 X

cosec x cotx

cosec?x

secx tanx

Have a good stare at this slide before turning your
paper over — |et’s see how many you remember...



Quickfire Questions (without cheating!)

fsecxtanx dx =

fsinx dx =

f cosec? x dx =

f—cosx dx =



fcosec xcotx dx =

f—sinx dx =

f cosec? x dx =

fsinx dx =

jsecxtanx dx =

fcosx dx =




Test Your Understanding

3
2cosx+;—\/§dx=

COS X

sin? x

Hint: What ‘reciprocal’ trig

functions does this simplify to?

[Textbook] Given that faa 2xt]

. " dx = In 12, find the exact value of a.

Important Notes:
We can simplify:

X X x
However it is NOT true that:
X A

_ x
x+1 - x 1

In my experience students often fail to

spot when they can split up a fraction

to then integrate.

Exercise 11A Page
295




INTEGRALS OF THE FORM f'(ax + b)

The following are integrals that you should know:

= xn+1
fx" dx +c
n+1
— X
j * dx = e*+c
1 = In|x| + ¢
f Lix |x| +
X
f = sinx+c
cos xdx
f . = —cosx+c
sin xdx
f sectx dx = tanx + ¢
= —cosecx +c
cosec x cot xdx
f cosec’xdx = —cotx+c
fsecxtanxdx = LR

SKILL #2: Integrating f(ax + b)

d .
a(sm@x +1)) =

Therefore:

fcms@x +1) dx =

#* For any expression where inner function is ax + b, integrate as before and + a.

1
jf'(ax +b)dx =—f(ax+b) +C
a

Jezxdxz j(3x+4)3dx=
1
j5x+2dx= jsin(l—Sx)dxz

JZsec2(3x—2) dxz‘ Jﬁdxz

Fro Tip: For | (ax + b)™ dx, ensure you 12 _
divide by the (n + 1) and the a (1Ux + 11)




Check Your Understanding

re3x+1dx —

r 1
J 1—2x

r-(4 — 3x)°dx =
i

dx =

sec(3x) tan(3x) dx =

Exercise 11B Pages 207-298
1
n: jsin(Zx +1)dx = H:f 2+ 1 dx =
4e*+5 dy = B
j Zrr e
J.caser:sz dx =
J(Zx +1)?%dx =
J.sec dxtandx dx = 3
1 =
j35111(§x+1)dx= f‘l—x—ldx
jcasec 2x cot2x dx = f 3 dx =

(1- 4.1:)2

1 —
jezx ——sin(2x — 1) dx f (1 2x)3 dx =
_ f 5
3 - 2x
j(e" +1)*dx =
js&w:2 2x (1 + sin 2x) dx = n:,[ 3sin(Zx+1) + 2x+1 dx
.[3—2 co(s{%).r] dy =
sin® éx 1
[ 4sin3 - 1) + cos(3 - v f 22 1r e ez




USING TRIGONOMETRIC IDENTITIES

The following are identities that you should know:

sin(A+ B)
cos(A + B)
tan(A+ B)

sin 2A =
cos 2A =
cos 2A =
cos 2A =
tan 24 =

sec?A =

cosec’A =

We can use these identities to transform an expression that cannot be integrated into one that can be
integrated.

These first examples focus on manipulation of the identities rather than integration.
Examples

1) sindx =
2) 2sin3xcos3x =
3) cosb5x =

4) 4cos?3x—2=



SKILL #3: Integrating using Trig Identities

Some expressions, such as sin

x and sin x cos x can’t be integrated directly, but we can

use one of our trig identities to replace it with an expression we can easily integrate.

n Find [ sin? x dx

n Find [ sin 3x cos 3x dx

n Find f cos? x dx

Find f tan® x dx

Check Your Understanding

n Find [(secx + tanx)? dx

T
ol Find [;¥ sin® 3x dx
6




Further examples

Show that

-
MY iy

sin’xdx = — +

48

1-+2
8

Exercise 11C Page
300




SKILL #4: Reverse Chain Rule

There’s certain more complicated expressions which look like the result of having
applied the chain rule. | call this process ‘consider then scale’:

1. Consider some expression that will differentiate to something similar to it.
2. Differentiate, and adjust for any scale difference.

[x(x2 +5)3 dx J’cosxsin2 x dx J’Z_x dx
x2+1

The first x looks like it arose The cos x probably arose from The 2x probably arose from
from differentiating the x? differentiating the sin. differentiating the x?2.



# Integration by Inspection/Reverse Chain Rule: Use common sense to consider some
expression that would differentiate to the expression given. Then scale appropriately.

Common patterns: In words: “If the bottom of a
J‘ f r [X ] fraction differentiates to give the

. dx = Trv Inlf(x f top (forgetting scaling), try In of
f(x\} 4 |f{ )l the bottom®.

[kf'OIf )™= Try[f(x)]™*?




In your head!

48
xﬂ:_ldx =

COS X
j.—dx:
sinx + 2

fcos x S dy =

jcosx(sinx —5)7dx =

sz(ﬁ +5)7 =

Not in your head...

X dx —
[

sin xcosx vs sec*xtanx

Notice when we differentiate sin® x, then power decreases:

% (sin®x) =

5

However, when we differentiate sec”x:

dix ((sec x)s) =

Notice that the power of sec didn’t go down. Keep this in mind when integrating.

Jsec‘*xtanx dx




Test Your Understanding

2
Jsinx (cosx +1)° dx _cosecx ¥
(2 + cotx)?3

2
J’M dax Jx(x2 + 2)3% dx JS tan x sec? x dx
tan2x + 1

Ex 11D Page 302-303



SKILL #5: Integration by Substitution

For some integrations involving a complicated expression, we can make a substitution
to turn it into an equivalent integration that is simpler. We wouldn’t be able to use
‘reverse chain rule’ on the following:

n Use the substitution u = 2x + 5 to find [ xV2x + 5 dx

The aim is to completely remove any reference to x, and replace it with . We’'ll
have to work out x and dx so that we can replace them.

STEP 1: Using
substitution, work out
x and dx (or variant)

STEP 2: Substitute
these into expression.

STEP 3: Integrate
simplified expression.

STEP 4: Write answer
in terms of x.

How can we tell what substitution to use?

In Edexcel you will usually be given the substitution!

However in some other exam boards, and in STEP, you often aren’t.
There’s no hard and fast rule, but it’s often helpful to replace to replace
expressions inside roots, powers or the denominator of a fraction.

Sensible substitution:

fcosx\f1+sinxdx u=

F
] 6x e dx u=
[ xe”*
dx u =
1+x

J
1-x
fel+x dx U=




Another Example

n Use the substitution u = sinx + 1 to find [ cos x sin x (1 + sinx)?® dx

STEP 1: Using
substitution, work out
x and dx (or variant)

STEP 4: Write answer
in terms of x.

Using substitutions involving implicit differentiation

When a root is involved, it makes thing much tidier if we use u = ..

n Use the substitution u? = 2x + 5 to find [ xV2x + 5 dx

STEP 1: Using
substitution, work out
x and dx (or variant)

STEP 2: Substitute
these into expression.

STEP 3: Integrate
simplified expression.

STEP 4: Write answer
in terms of x.

This was marginally less tedious than when we used u = 2x + 5, as we
didn’t have fractional powers to deal with.



More examples

X
Use the substitution u? = x + 1 to find f —dx
(x+1)2
Example 4
Use the substitution x = = tan u to find f —1 dx
3 4+9x2

Edexcel will usually give you the substitution in the exam question.

However, if you are not provided with a substitution, a ‘rule of thumb’ is to replace expressions inside
roots, powers or the denominator of a fraction by the variable u.



Test Your Understanding

(¢) Using the substitution # = 1 + cos x, or otherwise, show that

2sin 2x

dx =4 In(1 +cosx)—4cosx +k,
(1+cosx)

where £ 1s a constant. &)

e

INTEGRATION BY SUBSTITUTION AND DEFINITE INTEGRALS

When you use integration by substitution to evaluate a definite integral, you do not need to rewrite the
expression in terms of x. However, if you use the expression in terms of u, you must replace the x limits
with u limits.

Alternatively, you could convert the integral back to a function of x and use the original limits but this is
usually messier!

Example 5

T
Calculate [? cosx V1 +sinx dx



Example 6

‘¢) Use the substitution # = x2 + 2 to show that the area of R is

1 4
—| (-2 Inwu du.
ZL( )

[e] 2 X

Figure 2 shows a sketch of the curve with equation v =% In (x? +2), |x = 0.

The finite region R, shown shaded in Figure 2. is bounded by the curve, the x-axis and the
line x = 2.

Exercise 11E Page
306




SKILL #6: Integration by Parts

X Ccosx dx =?

Just as the Product Rule was used to differentiate the product of two
expressions, we can often use ‘Integration by Parts’ to integrate a product.

To integrate by parts:
dv du

uadx = uv — va dx

Example 1

f dvd B f dud
jxcosxdx=? udx X =uv vdx X

STEP 1: Decide which thing

. . dv
will be u (and which E)'

d
You're about to differentiate u and integrate Et’ so the
idea is to pick them so differentiating u makes it
o . dav . .
simpler’, and 2. can be integrated easily.

u will always be the x™ term UNLESS one term is In x.

STEP 2: Find % and v.

STEP 3: Use the formula.

| just remember it as “ur minus
the integral of the two new things
timesed together”




Example 2

Find [xInxdx

Here, the choice of u must be In x because In x is difficult to integrate

Example 3
Find [Inx dx

Here, the ‘trick’ is to write the integral as f 1 XIlnx dx

Again, the choice of u must be In x



IBP twice! ©

of| Find [ x2e” dx

Example 5

Find [ e*cos x dx



Test Your Understanding

of| Find [ x? sinx dx




SKILL #7: Using Partial Fractions

We saw earlier that we can split some expressions into partial fractions. This allows us
to integrate some expressions with more complicated denominators.

2
x2-1

Find | dx

Further Examples

Find _X=5 d ) 8x2—-19x+1
ind [ hes Find | s 2




Test Your Understanding

4-2x A B C
fix) = = + + .
Cx+Dx+D(x+3) (2x+1) (x+1) (x+3)
(a) Find the values of the constants 4, B and C. “@
(b) (1) Hence find [ f(x) dx. 3)

(i) Find [. f(x) dx in the form In k, where k is a constant. 3)

0




SKILL #8: Integrating top-heavy algebraic fractions

[ o=
X =7
x+1

How would we deal with this? (the clue’s in the title)

Test Your Understanding

|

Contrast this with fxx;l dx which can be

integrated more simply:

x—1 1
f dx:fl——dx:x—lnlxl-l—c
X X




Finding Areas

You're already familiar with the idea that definite integration gives you the
(signed) area bound between the curve and the x-axis.

Given your expanded integration skills, you can now find the area under a
greater variety of curves.

~

9

V4+3x
The region R is bounded by the curve, the x-axis and the lines

x = 0 and x = 4, as shown in the diagram. Use integration to
find the area of R.

[Textbook] The diagram shows part of the curve y =

\
=

[\
o~ /

Skill #9: Area between two curves

y (This was presented in my Year 1 slides as an
y=f ‘alternative method’)

The areas under the two curves are

f;f(x) dx and f; g(x) dx. 1t therefore

. follows the area between them (provided
— ? the curves don’t overlap) is:

R = J:f(x) dx — J:g(x) dx

y=gx)

b
curve minus bottom curve. = J’ (f(x) - g(x)) dx
a

[Textbook] The diagram shows part of the curves y = sin 2x and ?:

y = sinx cos?x where 0 < x < g The region R is bounded by y = sin 2x
the two curves. Use integration to find the area of R. >

y = sin




Edexcel C4 Jan 2009 Q2

Test Your Understanding
Edexcel C4.Jan 2009Q2

0 2 -

Figure 1

. 3 . .
Figure 1 shows part of the curve y = — . The region R is bounded by the curve, the x-

NV(1+4x)
axis, and the lines x =0 and x = 2, as shown shaded 1n Figure 1.

(@) Use integration to find the area of K. 4)




Skill #10: Trapezium Rule

Sometimes finding the
A exact area under the
graph via integration is

difficult. Students who
Vs have taken GCSE Maths
may be familiar with the
)’z/ idea of approximating the
area under a graph by
Y1 / dividing it into trapeziums
J’% of equal width.

h h h

In general: &

width of each trapezium

b h/
f ydx = E(yl + 202+ Yu-1) + V)
a

/

Area under curve

is approximately

m We're approximating the region bounded between x = 1,
x = 3, the x-axis the curve y = x?, using 4 strips.

4« Dividing a gap of

2 into 4 strips
X .
means each strip
y will be width 0.5




Trapezium Rule

V({1 +x)

(a) Completethe table below with the value of y corresponding tox = 1.3, giving your
answer to 4 decimal places.

(1)

X 1 1.1 1.2 1.3 1.4 1.5

0.7071 0.7591 0.8090 0.9037 0.9487

\¢‘

(b) Use the trapezium rule, with all the values of y in the completed table, to obtain an
approximate value for

J" X 3
y VA+x)

giving your answer to 3 decimal places.

You must show clearly each stage of your working.
(4)

Area =

Further Example

Trapezium Rule: f;y dx = éh.[yg + 20y + -+ yn_1) + Ynl

T

GivenI = [zsecx dx

a) Find the exact value of I.

b) Use the trapezium rule with two strips to estimate /.

c) Use the trapezium rule with four strips to find a second estimate of /.
d) Find the percentage error in using each estimate.




Test Your Understanding

Edexcel C4 June v a (@)
2014(R) Q2 A\

)

v

Figure 1

Figure 1 shows a sketch of part of the curve with equation

¥y=02-xek,

The finite region R, shown shaded in Figure 1, is bounded by the curve, the x-axis and the
y-axis.

The table below shows corresponding values of x and y for y = (2 - x)e®.

X 0 0.5 1 15 2

¥ 2 4.077 7.389 10.043 0

(a) Use the trapezium rule with all the values of ¥ in the table, to obtain an approximation for
the area of R, giving vour answer to 2 decimal places.

(&)

(b) Explain how the trapezium rule can be used to give a more accurate approximation for the
area of R

(03]

(€) Use calculus, showing each step in yvour working, to obtain an exact value for the area
of R. Give your answer in its simplest form.

3

(c)




Integration with Parametric Equations

Suppose we have the following parametric equations:
x = t?
y=t+1

To find the area under the curve, we want to determine to determine [ y dx.
The problem however is that y is in terms of £, not in terms of x.

Area:  [ydx =-

Determine the area bound between the curve with parametric equations x = t2andy =t + 1,
the x-axis, and the lines x = 0 and x = 3.




Further Example

[Textbook] The curve C has parametric equations

1
x=t(1+1), y:1_+t’ t=0

Find the exact area of the region R, bounded by C, the x-axis and the
linesx = 0and x = 2.

L 4



Test Your Understanding

Edexcel C4 Jan 2013 Q5

Figure 2 shows a sketch of part of the curve C with parametric equations

1
x=l—:r._ y=2t-1.

&=

The curve crosses the y-axis at the point 4 and crosses the x-axis at the point B.

(a) Show that 4 has coordinates (0, 3).
(b) Find the x-coordinate of the point B.

&)
(&)

The region R, as shown shaded in Figure 2, is bounded by the curve C, the line x =—1 and the

x-axis.
(d) Use integration to find the exact area of R.

©

Helping Hand:

)=a*(lna)

dx

a*
j a*dx=—+¢c
Ina




Exercise ?

This exercise is not in the current version of the Pearson textbooks as the content was added
later. | have temporarily included the exercise subsequently produced by Pearson.

® 1 The curve C

region bounded by the curve, the x-axis and the lines x =0 and x =4 is k2, where kis a

@& 4

un

3 This

s parametric equations x

rational constant to be found.

2 The curve C has parametric equations

x=sinf,y=sin2r,0=1=3
The finite region R is bounded by the curve and the x-axis.
Find the exact area of R. (6 marks)

h shows part of the curve C with
I

sl =

parametric equations x = (1 +

P is the point on the curve where = 2.
The line 5 is the normal to C at P.
(5 marks)

The shaded region R is bounded by C, §, the x-axis

a Find an equation of S.

and the line with equation x = 1.

b Using integration, find the area of R. (5 marks)

The diagram shows the curve ¢ with parametric equations

=sin2rr=0.

a Write down the value of 1 at the point 4 where
the curve crosses the x-axis, {1 mark})
b Find, in terms of =, the exact area of the shaded

region bounded by C and the x-axis. (6 marks)

t = 0. Show that the exa

. ANSWERS
area of the
1
2
4 3
[& 4 -

R 5

[ | X
s € [

/]
T
: R
3

The curve shown has parametric equations v

x=5cosf, y=4sinf, 0 =f<

a Find the

dient of the curve at the point P

at which &

- (3 marks)

4
b Find an equation of the tangent to the curve

at the point P. (3 marks)

¢ Find the exact area of the shaded region bounded by the tangent PR, the curve and the x-axis

(6 marks)

—

\B/

-1

} 6 The curve C has parametric equations

x=l-fy=X-1eR

The line L is a normal to the curve at the point P where the
curve intersects the positive y-axis. Find the exact area of

the region R bounded by the curve €, the line L and the x-axis,
as shown on the dia (7 marks)

am.

The curve shown in the diagram has parametric equations

=2sinf,y=1=2cosr.0=r=

a Show that the curve crosses the x-axis where

t T and 1= (3 marks)
The finite region R is enclosed by the curve and the v-axis,
as shown shaded in the diagram.

b Show that the arca R is given l11t'_|I Ml =2cos? dr (3 marks)

3

¢ Use this integral to find the exact value of the shaded area.

\

7R
(D

R
o
L
¥
R
Y J X

{4 marks)






SKILL #11: Differential Equations (we're on the home straight!)

Differential equations are equations involving a mix of variables and
N d
derivatives, e.g. y, x and ﬁ

. . . . d
‘Solving’ these equations means to get y in terms of x (with no ﬁ).

: . d
n Find the general solution to é =xy+y



Another Example

. . d
n Find the general solution to (1 + xz)d—y = xtany

X

STEP 1: Get y to the side of j—i by dividing

and x to the other side.

(you may need to factorise to separate out Y first)

STEP 2: Integrate both sides with
respect to x.

STEP 3: Make y the subject, if the question
asks.




Differential Equations with Boundary Conditions

_ i dy _  3(y-2)
n [Textbook] Find the general solution to dx xrDxt2)

Given that x = 1 when y = 4. Leave your answer in the form y = f(x)




Edexcel C4 Jan 2012 Q4

Test Your Understanding
| Edexcel C4Jan 201204

) 73 : . :
Giventhat y=2 atx = i solve the differential equation

+ =TT ®)



Key Points on Differential Equations

* Get y on to LHS by dividing (possibly factorising first).
 |f after integrating you have [n on the RHS, make your
constant of integration In k.

e Be sure to combine all your In’s together just as you did in C2.
E.g.:

2In|x + 1| —In|x] -

* Sub in boundary conditions to work out your constant —
better to do sooner rather than later.

* Exam questions ¥ partial fractions combined with differential
equations.



Forming differential equations

Differential equations are useful because regularly in real-life, the rate of change of a variable is
based on its current value. For example in Year 1, we saw a property of exponential growth is that
the rate of change is proportional to the current value:

The rate of increase of a rabbit population (with population P, where time
is t) is proportional to the current population.
Form a differential equation, and find its general solution.



Further Example

[Textbook] Water in a manufacturing plant is held in a large cylindrical tank of diameter 20m. Water
flows out of the bottom of the tank through a tap at a rate proportional to the cube root of the
volume.

dh
(a) Show that t minutes after the tap is opened, e —k/h for some constant k.

3
(b) Show that the general solution of this differential equation may be written h = (P — Qt)z,
where P and @ are constants.
Initially the height of the water is 27m. 10 minutes later, the height is 8m.
(c) Find the values of the constants P and Q.
(d) Find the time in minutes when the water is at a depth of 1m.

20m



Test Your Understanding

Edexcel C4 June 2005 Q8

Liquid is pouring mto a container at a constant rate of 20 ecm?® s! and is leaking out at a rate
proportional to the volume of the liquid already in the container.

(a) Explain why, at time  seconds, the volume, ¥ em?, of liquid in the container satisfies the
differential equation

, !
V20 |*

dr
where k is a positive constant.

The container is initially empty.
(b) By solving the differential equation, show that

V=A+Be¥,
Teachers/Students: |
giving the values of 4 and B in terms of k. (6) recommend also looking at
Given also that 3% = 10 when £ = 5. Edexcel Jan 2008 Q8 which
d o ] has a part (a) similar to the
(¢) find the volume of liquid in the container at 10 s after the start. 5)

previous example.




Summary of Functions

How to deal with it [ f(x)dx (+constant) | Formula booklet?
sinx No
coS x No
tan x Yes
sin? x No
cos® x No
tan®x No
cosecx Yes
secx Yes
cotx Yes




Summary of Functions

How to deal with it | f(x)dx (+constant) | Formula booklet?
cosec’x No!
secix Yes
(but memorise)
cot’x No
sin2xcos 2x No
1 No
x
Inx No
x
x+1
1
x(x+1)
How to deal with it | f(x)dx (+constant)
4x
x2+1
x
(x% + 1)2
82x+1
1
1-—3x
xvV2x+1
sin® x cos x







